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PREFACE. 



This book is intended to serve two distinct though not 
inconsistent purposes: first, to furnish a very brief prac- 
tical course for those schools in which the study can 
claim but a little time; and, secondly, to present the 
whole subject of trigonometric functions in the manner 
in which the student of higher mathematics needs to 
have learned it. 

The first purpose will be served by the first three chap- 
ters (pp. 1-65) of the book. In this part the functions of 
an acute angle only are defined and used. Right triangles 
are solved by direct reference to the definitions of func- 
tions, and oblique triangles by dividing them into right 
triangles. Not even a knowledge of logarithms is neces- 
sary for reading this part of the book, all the methods 
being illustrated by examples solved with three-place 
natural functions, a table of which is given on page 9. 
The application of logarithms is treated as a special mat- 
ter in separate paragraphs. Among the exercises in the 
first three chapters occur various applications of trigo- 
nometry to the calculation of heights and distances. 

The second purpose has governed in the preparation of 

the next four chapters (pp. 66-160). Here, after the 

generalized conception of the angle has been introduced, 

together with some notions of positive and negative lines 

and of rectangular coordinates, the trigonometric functions 
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are defined as ratios of coordinates. The advantage of 
this is seen in laying the foundation for the general 
proof of the formulas for the sine and the cosine of the 
sum and of the difference of two angles. The usual 
method of proving these formulas by a geometrical figure 
in the first quadrant, the validity of the proof for figures 
that might be drawn in the other quadrants b^ing assumed, 
seemS; from a teacher's point of view, unsatisfactory; 
partly because fundamental formulas like these should be 
solidly established, and partly because this is the first 
important instance the mathematical student meets where 
a proposition proved for the first quadrant does hold for 
the others. Whatever he may afterwards allow himself to 
assume, he should in this instance at least carefully explore 
the whole ground of geometric configuration. These con- 
siderations have suggested the unusually thorough treat- 
ment of this topic in Chapter VI, and the introduction of 
Chapter V, on projections, to furnish a foundation for this 
treatment. In Chapter VII are treated the important prop- 
erties of plane triangles. From these are deduced some 
methods for logarithmic solution which are simpler than 
those given earlier. When this chapter is to be studied, 
it may be found well to postpone the exercises near the 
end of Chapter III until advantage can be taken of these 
simpler methods. 

In spherical trigonometry, Chapters VIII -XI, it has 
been found simpler and better to cast aside the usual limi- 
tation of the results of solution to such sides and angles as 
do not exceed 180°, and to accept and interpret all results. 
One step more removes a similar limitation from the data ; 
and thus we have the general spherical triangle, treated in 
the last chapter. 
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Among the methods proposed for the solution of spher- 
ical triangles, attention may be called to the elegant ones 
furnished by the Gaussian equations. Notwithstanding 
the ambiguity attaching to the square roots of which these 
equations are composed, the results present but little 
difficulty of interpretation, as the examples in the last 
chapter show. In case, however, of any perplexity, the 
simple and direct method of solution based on the funda- 
mental equations can be employed to remove it. By using 
three-place natural functions, a rough approximation can be 
made, which will show the general shape of the required 
triangle, and, except in extreme cases, give the values of 
the required parts within a fraction of a degree. 

The method of solution which consists in the introduc- 
tion of an auxiliary angle for the purpose of adapting the 
fundamental formulas to logarithmic computation is not 
added to the others, because it is step for step equiva- 
lent to the method which divides the triangle into two 
spherical right triangles by means of a perpendicular ; and 
the latter method has the advantage of a direct geometri- 
cal interpretation. 

One chapter on the development of trigonometric func- 
tions into series, De Moivre's theorem, and other such 
matters formed a part of the original plan of the book; 
but the other chapters have so outgrown intended limits 
that this must, for the present at least, be dropped. 

E. P. S. 
Boston, May, 1880. 
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CHAPTEE I. 



TRIQONOMETBIC FUNCTIONS. 

TeIGONOMETRY treats of the numerical relations be- 
tween the sides and the angles of triangles. 

Plane trigonometry treats of plane triangles, and spheri- 
cal trigonometry of spherical triangles. 

2. We know, from geometry, that there are in any 
plane triangle six parts, three sides and three angles, 
which are so related to one another that when any three 
parts are given, provided one be a side, the other three 
parts can be found. There are simple geometric con- 
structions by which this can be done. To make one of 
these constructions is to solve a triangle by geometry. 
The process is partly drawing and partly measurement. 

But solving a triangle by trigonometry* is wholly a pro- 
cess of numerical computation. The relations between 
the given and the required parts being expressed by for- 
mulas, the numerical values of the given parts are then 
substituted for their symbols in these formulas, and the 
required parts are computed. A geometrical figure may 
be drawn for illustration, but this is no necessary part 

of the solution. 

1 



2 ELEMENTABY TRIGONOMETRY. 

3. The sides of a plane triangle having been meas- 
ured, if the length of each side be divided by that of 
each of the other two, the six quotients will be the nu- 
merical values of the six ratios which the sides of the 
triangle bear to one another. If another triangle, having 
its angles equal to. those of the first triangle, be treated 
in the same way, the six ratios will have the same values 
respectively as the six ratios of the first triangle; be- 
cause triangles which are mutually equi-angular have 
their corresponding sides proportional. Conversely, if 
the six ratios of the second triangle were given as equal 
to the six ratios of the first, we could infer that the 
second triangle had angles equal to those of the first; 
because triangles having their corresponding sides pro- 
portional are mutually equi-angular. 

Thus we reach the general conclusion that all triangles 
having the same set of angles have also the same set of 
values for the six ratios of the sides ; and, conversely, all 
triangles having the same set of values for the six ratios 
of the sides have also the same set of angles, 

4. To find the ratios from a given set of angles, or to 
find the angles from a given set of ratios, is geometrically 
a direct and simple process. If the angles are given, we 
draw any triangle with the given angles, measure the 
sides and divide their lengths by one another. This 
gives the ratios. If the ratios are given, we draw one 
line of any convenient length, and two others of such 
lengths that they bear to the first line the proper given 
ratios. The proper given ratios for this purpose are any 
two that are not reciprocals of each other. With the 
three lines thus found we construct a triangle and meas- 
ure the angles. This gives the angles. 

5. In mathematics the word function is used to denote 
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oieas^ a quantity whose value is dependent upon the values of 

It i one or more other quantities. Thus, the area of a circle 

DD is a function of the radius; the volume of a sphere is 

tk a function of the radius ; the area of a parallelogram is a 

iii^' function of the base and altitude; the distance passed 

id through by a moving body is a function of the rate and 

ues time ; the amount of work done is a function of the force 

[)e- and time ; and so on. 

ve From what has been said above, it is clear that tfie 

if ratios of the sides of a triangle are functions of the angles, 

j] and that tfie angles of a triangle are functions of the 

e ratios of the sides. Upon this general relation between 

; the sides and the angles of triangles is based the whole of 
trigonometry. 

THE FUNCTIONS OF AN ACUTE ANGLE DEFINED. 

6. Let A be any acute angle. From any point B in one 
of its sides draw e\/ line B C \^ 

perpendicular to the other 
side, thus forming the right 
triangle ACB. If the sides 
of this triangle be divided by 
one another, the six resulting 
ratios/ (which would have 
the fmime values in all other 
right triangles having A for an acute angle), are defined 
as functions of the angle A thus: 




The sine ot A ' ^ the opposite side ^^ 

the hypothenuse ab 

the o pposite side qb 
Ihe tangent of ^ = the adjax^ent side = AC 

the hypothenuse _ab 
Ihe secant of A = the adjax^ent side "AC 
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„,, . « . the adjacent side a c 

The cosine oi A = tt — t ii: = Xw 

the hypothenuse ^^ 

^, - . the adjacent side ac 

The cotangent of A = the opposite side = OB 

The cosecan* of ^ _ thehypothenuse ab 

the opposite side ^^ 

7. The same six ratios may be defined as functions of 
the angle By the complement of -4, as follows : 

The sine of B =^^mS^:^^=^ 

the hypothenuse -^b 

mi . n T^ the opposite side a n 

The tangent of B =rr — ^ ir^A- — T^ 

^ the adjacent side OB 

and so on. 

8. Denoting the length of the hjT)othenuse by A, that 
of the side opposite A by a, and that of the side opposite 

B by 6, we write, the sine of -4 = t> the tangent of -4 = t> 

and so on. 

The names of the functions are abbreviated as in the 
following 

TABLE OP DEFINITIONS. 

sin ^ = T = cos B cos ^ =- = sin ® 
h h 

n h 

tan-4=-=:cot^ cot -4=- = tan ^ > . . fll 
o a r L J 

sec -4 = ^ =csc B esc-4=- = sec B 
a 

THE PUNOTIONS OP COMPLEMENTARY ANGLES. 

9. Since the two acute angles of a right-triangle are 
complements of each other, that is, 

^=90°-^, and ^ = 90°^^, 
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we learn from [1] * that the cosine, the cotangent, and the 
cosecant of an angle are respectively the sine, the tangent, 
and the secant of the anglers complement ; also that the 
sine, the tangent, and the secant of an angle are respec- 
tively the cosine, the cotangent, and the cosecant of the 
angle's complement. Thus, 



cos J[ = sin (90° — ^) 
cot ^ = tan (90° — ^) 
esc ^ = sec (90° — A) 



sin A- 


= cos 


(90°. 


^A) 


tan A- 


= cot 


(90°- 


-A) 


sec A : 


= csc 


(90°- 


-A) 



—A > 



[2] 



RELATIONS OF THE SIX FUNCTIONS TO ONE ANOTHER. 

10. From [1] we learn that the sine and the cosecant 
of an angle are reciprocals of each other ; also that the 
same relation exists between the tangent and the cotan- 
gent, and between the secant and the cosine. Thus, 

sin A CSC A =1 
1 . 1 ' 



CSC A= 



cot A = 



. sin A =■ J 

sm A CSC A 

tan -4 cot ^ = 1 
1 .1 



COS -4= 



, . tan A = 

tan A 

sec A COS A=zl 
1 



sec A 



sec A=: 



cot^ 

1 
cos A 



[3] 



11. From [1] we further learn that the tangent of an 
angle is the quotient of its sine divided by its cosine. 
Thus, 

. . a b a h a , . 

sm A -T- cos ^ = Y-^r = -7X7 = 7 = tan A, 

h h ho 



* References to formulas are printed in bra.ckets. The iium- 
berinc: of formulas is consecutive throu hout the book. 
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We also learn that the cotangent is the quotient of the 
cosine divided by the sine. Thus, 



. , J b a ' b h b , . 
cos -4-7-sin -4 = T-T-T = T X - = - = cot A, 

fi fi fi a a 



Hence 



taii^ = ?l^ cot^ = ??i4 [4] 

cos A sin -4 *- -' 

12. In the right-triangle abo (Fig. 1) we know that 



or 

a« + 52 = ^2 [5] 

Dividing this equation through by h^ gives 



?,+t=i, or (y + (l)=i- 



h^'^h^ 



But T = sin A, and ^ = cos A. 

h h 

Therefore, by substitution, 

(sin Ay + (cos Ay = 1 

that is, the square of the sine of an angle plus the square 
of its cosine equals 1. 

This formula is for brevity usually written without 
parentheses, thus : 

sin« J[ + cosM = 1 [6] 

13. From [6] are derived 

sin ^ = v/l — cos^ ^ = V/(l + cos A) (1 — cos A) . . [7] 
cos J[ = \/l-sin«^ = v^(l + sin A) (1-sin A) . . [8] 



TRIGONOMETBIC FUNCTIONS, 7 

14. The equation ^2=^2^ ^2 divided through by 6* 
gives a result which by [1] is reduced to 

8ecM=l + taii*^ [9] 

that is, the square of the secant of an angle is equal to 1 
plus the square of the tangent. 

15. The same equation divided through by a* eund re- 
duced by [1] gives 

csc*^=l + cot*^ [10] 

that is, the square of the cosecant of aui angle is equal to 
1 plus the square of the cotangent 

16. From [9] are derived 

sec 4=v/l+tan«^ [U] 

tan^=V^secM — 1 [12] 

17. From [10] are derived 

csc^=\/T+cot^Z [13] 

cot J[=V^csc2^ — 1 [14] 

18. The foregoing formulas [3] to [14] show that the 
six trigonometric functions of an angle are so related that 
when the value of any one function is given, the values 
of the other five functions can be found. 

Thus, suppose given 

sin ^ = 0.3746. 

Then, by [ 8 ], cos A = v/l-(0.3746)2= 0.9272 
by[4],tan^ = ||P|=0.4040 
^ . 0.9272 „,^^ 
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by [3], sec A =q;^2'^^'^^ 

^^'^ ^=0^46=2-669. 

These results, expressed to the nearest thousandth, are 
found in Table I (p. 9), where they appear as the func- 
tions of 22°. 

Again, suppose given 

tan ^=0.8391. 

Then, by [ 3 ], cot ^ = ^^ = 1.19175 



by [ 11 ], sec ^= V^ 1 + (0.8391)^= 1.3054 
by [13],csc^= v^l + (1.19175)2=1.5557 

by [3], cos ^ = £^^=0.7660 

«i^^=i:^7=<>-^8- 

These results, expressed to the nearest thousandth, are 
found in Table I as the functions of 40°. 

For further illustration, any single value in Table I 
(p. 9) may be taken as a given value, and from it may be 
computed the other five values found in the same line 
with it. 

Thus we see how all the values in five columns of 
Table I can be computed if the values in any one column 
are given. How the values in a single column are com- 
puted in the first place wiU be explained further on. 
(See Appendix A.) 
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TABLE I. 
Natural Values of the Trigonometric Functuma, 



Angus. 


Snr. 


Gso. 


Tan. 


Cot. 


Sbo. 


C08. 




QO 


0.000 


infinite. 


0.000 


infinite. 


1.000 


1.000 


90° 


1 


0.017 


67.30 


0.017 


67.29 


1.000 


1.000 


89 


2 


0.035 


28.65 


0.035 


28.64 


1.001 


0.99J) 


88 


3 


0.052 


19.11 


0.062 


19.06 


1.001 


0.999 


87 


4 


0.070 


14.34 


0.070 


14.30 


1.002 


0.998 


86 


5° 


0.087 


11.47 


0.087 


11.43 


1.004 


0.996 


85° 


6 


0.105 


9.667 


0.105 


9.614 


1.006 


0.995 


84 


7 


0.122 


8.206 


0.123 


8.144 


1.008 


osm 


83 


8 


0.139 


7.186 


0.141 


7.116 


1.010 


0.990 


82 





0.156 


6.392 


0.158 


6.314 


1.012 


0.988 


81 


10° 


0.174 


5.759 


0.176 


6.671 


1.015 


0.985 


80° 


11 


0.191 


5.241 


0.194 


6.145 


1.019 


0.982 


79 


12 


0.208 


4.810 


0.213 


4.705 


1.022 


0.978 


78 


13 


0.226 


4.446 


0.231 


4.331 


1.026 


0.974 


77 


14 


0.242 


4.134 


0.249 


4.011 


1.031 


0.970 


76 


15<3 


0.259 


3.864 


0.268 


3.732 


1.035 


0.966 


75° 


16 


0.276 


3.628 


0.287 


3.487 


1.040 


0.961 


74 


17 


0.292 


3.420 


0.306 


3.271 


1.046 


0.966 


73 


18 


0.309 


3.236 


0.325 


3.078 


1.051 


0.961 


72 


19 


0.326 


3.072 


0.344 


2.904 


1.058 


0.946 


71 


20° 


0.342 


2.924 


0.364 


2.747 


1.064 


0.940 


70° 


21 


0.358 


2.790 


0.384 


2.605 


1.071 


0.934 


69 


22 


0.375 


2.669 


0.404 


2.475 


1.079 


0.927 


68 


23 


0.391 


2.659 


0.424 


2.366 


1.086 


0.921 


67 


24 


0.407 


2.469 


0.445 


2.246 


1.095 


0.914 


ee 


25° 


0.423 


2.366 


0.466 


2.146 


1.103 


0.906 


65° 


26 


0.438 


2.281 


0.488 


2.060 


1.113 


0.899 


64 


27 


0.464 


2.203 


0.510 


1.963 


1.122 


0.891 


63 


28 


0.469 


2.130 


0.532 


1.881 


1.133 


0.883 


62 


29 


0.485 


2.063 


0.554 


1.804 


1.143 


0.875 


61 


30^ 


0.500 


2.000 


0.577 


1.732 


1.155 


0.8(i6 


60° 


31 


0.515 


1.942 


0.601 


1.664 


1.167 


0.857 


59 


32 


0.530 


1.887 


0.625 


1.600 


1.179 


0.848 


58 


33 


0.545 


1.836 


0.649 


1.540 


1.192 


0.a39 


57 


34 


0.569 


1.788 


0.675 


1.483 


1.206 


0.829 


56 


35° 


0.574 


1.743 


0.700 


1.428 


1.221 


0.819 


55° 


36 


0.588 


1.701 


0.727 


1.376 


1.236 


0.809 


54 


37 


0.602 


1.662 


0.754 


1.327 


1.252 


0.799 


53 


38 


0.616 


1.624 


0.781 


1.280 


1.269 


0.788 


52 


39 


0.629 


1.589 


0.810 


1.235 


1.287 


0.777 


51 


40^ 


0.643 


1.566 


0.839 


1.192 


1.305 


0.766 


50° 


41 


0.656 


1.524 


0.869 


1.150 


1.325 


0.755 


49 


42 


0.669 


1.494 


0.900 


1.111 


1.346 


0.743 


48 


43 


0.682 


1.466 


0.933 


1.072 


1.367 


0.731 


47 


44 


0.695 


1.440 


0.966 


1.036 


1.390 


0.719 


46 


45° 


0.707 


1.414 


1.000 


1.000 


1.414 


0.707 


45° 




Cos. 


Sec. 


Cot. 


Tan. 


Csc. 1 


Sin. 


Angus. 
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TABLES OP TRIQONOMBTRIO FUNCTIONS. 

19. Table I shows the plan upon which all tables of 
trigonometric functions are arranged. Values of the 
angle, differing by any chosen interval (here one degree), 
are entered in the left-hand margin of the page in regu- 
lar order from 0° to 45°, and the corresponding values of 
the functions are entered opposite them in the parallel 
columns, with the names of the functions at the top. 
Then the values of the angle from 45° to 90° are entered 
in the right-hand margin, in such a way that each value 
stands in the same line with its complement already 
entered in the left-hand margin; and the corresponding 
values of the functions are found in the parallel columns, 
with the names of the functions at the bottom. Such a 
table is said to return upon itself. This double arrange- 
ment is possible because, as we learn from [2], each func- 
tion of an angle between 45° and 90° is identical in value 
with some function of its complement, and this comple- 
ment is an angle between 0° and 45°. Thus, the sine of 
70° is equal to the cosine of 20° ; and so we find (Table 
I) the value 0.940 at once in the line with 20° under the 
heading " cos," and in the line with 70° over the footing 
" sin." Again, the tangent of 60° is equal to the cotan- 
gent of 30°; and so we find 1.732 at once in the line 
with 30° under the heading "cot" and in the line with 
60° over the footing "tan." Each value entered in the 
table serves a double purpose : it is a function (named at 
the top) of the angle in the same line with it at the left 
of the page ; and it is also a function (named at the bot- 
tom) of the angle in the same line with it at the right of 
the page. 

20. Tables differ froift oi^e another in the greater QX 
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less number of decimal places to which the values of the 
functions are expressed, and in the greater or less inter- 
vals of angles for which these values are given. The 
number of decimal places varies in different tables from 
three to seven; and the interval of angle is in small 
tables one degree, but in larger tables it is one minute, 
. ten seconds, or even one second. 

The larger tables usually contain, not the values of the 
functions themselves, but the logarithms of those values. 
The latter are called logarithmic functions to distinguish 
them from the former, which are called natural func- 
tions. 

For purposes of illustration we shall for the present 
use Table I, which contains the natural functions for 
every degree of the quadrant, expressed to three decimal 
places ; but later we shall refer to any larger tables the 
reader may be supposed to have.* 

SIMPLE INTERPOLATION. 

21. When the exact value of the angle whose func- 
tion is sought is found in the margin of the table, the 
function is read directly from the table ; but when the 
value of the angle falls between two values in the margin, 

* As a companion to this book, the authors have compiled the 
" Logarithmic and Trigonometric Tables." These are five-place 
tables, containing (1) the logarithms of numbers from 1 to 11009, 
(2) the logarithms of trigonometric functions for every minute of 
the quadrant, and (3) the natural values of trigonometric func- 
tions for every tenth minute of the quadrant. Beside these three 
principal tables there are various smaller tables. Directions for 
using the tables are given at the end. All five-place logarithms 
used in the present work are taken from the tables found in this 
companion, which will be referred to, hereafter, by the abbrevia- 
tion Lof^. Tri(f. Tqb, 
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the value of its functions must be computed from values 
given in the table by a process called simple interpola- 
tion. This process is based on the assumption that small 
variations in the value of the function are proportional 
to the corresponding variations in the value of the angle. 
The amount of error in this assumption is of no practical 
consequence in any work save the most refined computa- 
tions of astronomy and geodesy. 

22. The nature of simple interpolation will best be 
understood from examples. 

(i) To find, from Table I, the sine of 32° 40'. 

The sine of 32° is 0.530, and the sine of 33° is 0.545. 
As the sine increases with the increase of the angle, the 
sine of 32° 40' will be found by adding to the sine of 
32° a part of the difference between that and the sine 
of 33°. This difference is 15 thousandths, and the part 
of it to be added is, on the principle above assumed, the 
same part of 15 thousandths that 40' is of one of degree; 
that is 1^ of 15 thousandths, or 10 thousandths. 

Thus : 

sin 32° = 0.530 

+ correction (=|^ of 15 thousandths) = 10 

sin 32M0' = 0.540 

(ii) To find the cosine of 37° 20'. 

Reasoning as before. 

cos 37° = 0.799 

— correction (=|J of 11 thousandths) = 4 

cos 37° 20' = 0.795 

The correction is subtracted in this case, because the 
cosine decreases with an increase of the angle. 

In general, as an inspection of Table I shows, when the 
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angle increases, the sine, tangent, and secant increoM, hut 
the cosine, cotangent, and cosecant decrease. This state- 
ment is the guide in applying corrections. 

(iii) To find the tangent of 73° 15'. 

tan 73° = 3.271 

+ correction ( = ^J of 216 thousandths) = 54 
tan 73° 15' = 3^325 

(iv) To find the cotangent of 23° 45'. 

cot 23° = 2.356 

— correction (= f J of 110 thousandths) = 82 

cot 23° 45' = 2^274 

(v) To find the secant of 43° 50'. 

sec 43° = 1.367 

+ correction ( = f J of 23 thousandths) = 19 
sec 43° 50' = 1386 

(vi) To find the cosecant of 53° 10'. 

CSC 53° = 1.252 

— correction (= J^ of 16 thousandths) = 3 
CSC 53° 10' = 1.249 

23. Simple interpolation is likewise used when the 
value of an angle is to be found from a value of the 
function falling between two values given in the table. 
The process will be understood from examples. 

(i) Given sin ^ = 0.447 to find A. 

Looking in the column of sines (Table I), we find that 
0.447 falls between 0.438, which is the sine of 26°, and 
0.454, which is the sine of 27°. The sine of A exceeds 
the sine of 26° by 9 thousandths, and the whole interval 
between the sine of 26° and the sine of 27° is 16 thou- 
sandths. Accordingly, the value of A exceeds 26° by 
the same part of a degree that 9 thousandths is of 16 
thousandths ; that is, A equals 26^^ degrees, or 26° 34'. 



14 ELEMENTABY TRIGONOMETRY. 

The work may be arranged thus : 

sin 26° = 0.438 sin 26° = 0.438 
sin ^ = 0.447 sin 27° = 0.454 

9 16 

A = 2e^ degrees = 26° 34'. 

(ii) Given cos -4 = 0.625, to find A. 

cos 51° = 0.629 cos 61° = 0.629 
cos A = 0.625 cos 52° = a616 

4 13 

A = 51^ degrees = 51° 18'. 

(iii) Given tan -4 = 0.047 to find A, 

tan 2° = 0.035 tan 2° = 0.035 

tan^ = 0.047 tan 3° = 0.052 

12 17 

A=2\^ degrees = 2° 42'. 

(iv) Given cot ^ = 0.251 to find A, 

cot 75° = 0.268 cot 75° = 0.268 

cot A = 0.251 cot 76° = 0.249 

17 19 

A = 75{i degrees = 75° 54'. 

(v) Given sec -4 = 3.340 to find A. 

sec 72° = 3.236 sec 72° = 3.236 

sec A = 3.340 sec 73° = 3.420 

104 184 

A-72\%i degrees = 72° 34'. 

(vi) Given esc -4 = 1.428 to find A, , 

CSC 44° = 1.440 CSC 44° =^1.440 

CSC 4 = 1.428 CSC 45^ = 1.414 

12 26 

4= 44 Jl degrees = 44° 38'. 
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For further illustration of this subject, see Log, Trig. 
Tab,, pp. 157-160. 

24 • Bxerclses. 

1, Find the values of the six functions of the smallei 
acute angle of a right triangle whose sides measure 6, 8, 
and 10 inches respectively. 

2, The sides of a right triangle being 5, 12 and 13 inches 
long respectively, what are the values of the six functions 
of the greater acute angle ? 

S, Draw a right triangle making one of its acute angles 
equal by measurement to any whole number of degrees, as 
35°. Measure the sides of this triangle and divide the 
lengths by one another to find the values of the six func- 
tions of 35°. Compare the results with the values given in 
Table I. 

4' Draw a right triangle making the base 10 inches and 
the perpendicular 5.32 inches long. What functions of the 
acute angles can be found from these two lengths ? Do 
the results so found agree with values given in Table I ? 
What then are the values of the acute angles of this tri- 
angle ? Does measurement give the same values ? 

5, Eepeat the last exercise, putting in place of 5.32 ten 
times any value given in the column of tangents, Table I. 

6, Given sin -4 = f, to find the values of the other func- 
tions of A. 

7, Given cos A=z^%y to find the values of the other 
function of A, 

8, Given tan ^ = 3, to find the values of the other func- 
tions of A, 

9, Given cot ^ = f , to find the values of the other func- 
tions of A, 

10, Given sec ^ = 3, to find the values of the other 
functions of A. 

11, Given esc -4=2, to find the values of the other func- 
tions of -4. 
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12, From cos 25'' = 0.9063, compute the values of the 
other functions of 2b^, 

IS. From cot 57° = 0.6494, compute the values of the 
other functions of 57°. 

H. Draw a square and one of its diagonals. Using one 
of the right triangles so formed, prove that 

sin 46*^ = cos 45° = yj^ tan 45° = cot 45° = 1 

sec 45° = CSC 45° = v/2* 

15. Draw an equilateral triangle and a perpendicular from 
one vertex to the opposite side. Using one of the right 
triangles so formed, prove that 

sin 30° = cos 60° = ^ cos 30° = sin 60° = ^ ^3 

tan 30° = cot 60° = \\J^ cot 30° = tan 60° = ^3 

sec 30° = CSC 60° = f v'3 esc 30° = sec 60° = 2 * 

From Table I find by interpolation : 

16. sin 6° 35' 20. tan 11° 15' 2^. sec 13° 35' 

17. sin 73° 18' 21. tan 67° 20' 25. sec m"" 45' 

18. cos 19° 20' 22. cot 23° 30' 26. esc 31° 20^ 

19. cos 47° 40' 2S. cot 52'' 25' 27. esc 79° 36' 

From Table I find by interpolation the value of ^ in 
each of the following equations : 

28. sin ^=0.145. S^. tan ^=0.315. JiO. sec -4=i^5. 

29. sin ^ = 0.825. 35. tan ^ = If. 4I. sec ^ = 1^. 

30. cos -4 = 0.948. 36. cot -4 = 2.700. 42. esc ^= ^10. 

31. cos ^ = 0.100. 37. cot ^ = lf. 43. esc ^ = 3i. 

32. sin^ = f. 38. sin A^yJ%. 44. sin ^=^^3. 

33. C08 A = i. 39. cos A=y/i. ^. cos -4=i^5. 

* Reduce these values to decimals and compare them with those 
in Table I. 
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CHAPTEE II. 

THE SOLX7TION OF BIGHT TBIANQLES. 

25. The right angle being a known part, it is only 
necessary that one side and one other part of a right tri- 
angle be given, that the remaining parts may be found. 
The given parts of a right triangle, then, may be : 

I. The hypothenuse and an acute angle, as h and A, 
II. One leg and the acute angle opposite, as a and A. 

III. One leg and the acute angle adjacent, as b and A. 

IV. The hypothenuse and one leg, as h and a. 
V. The two legs, a and b, 

26. The equations to be used for computing the re- 
quired parts are the definitions of the functions [ 1 ] and 
the equation a^-\-h^=i h\ In selecting the particular 
equation to be used in any case, the rule should be to 
connect each required part separately with the given 
part. When one of the required parts becomes known 
through computation, it should not be used as a given 
part in a subsequent computation, lest a possible error 
in computation be perpetuated. There is only one case in 
which there is any reason for disregarding this precept. 



I. 

27. Given h and A, to find 
B, a, and 6. 

The other acute angle is 
found by subtracting the 
given acute angle from 90° ; 
that is A 
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^=90°-^ [15] 

To find'the leg a, select from [1] an equation connect- 
ing a with the given parts A and A. It is 

sin-4=-T 

which gives 

a=^sin-4 [16] 

To find J, select from [1] an equation connecting i and 
the given parts A and h. It is 

cos -4 = -T 

which gives 

h=h(tOBA [17] 

28. Example. Given A =53 and ^ = 23° 40' to find 
the other parts. 

By [15], ^=90°-23°40' = 66° 20'. 
By [ 16 ], a = 53 X 0.402 = 21.31 
By [17], 6=53 X 0.916 =48.56 

II. 

29. Given a and A, to find J5, A, and J. 

The other acute angle is found by [15]. 

To find h and J, select from [1] the equations 

csc-4=- cot-4=- 

a a 

which give 

h — a esc ^ . , . . . [18] 
h—a cot -4 [19] 
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30. Example. Given a=28 and .4 = 49° 20', to find 
the other parts. 

By [15], ^=90° -49° 20' =40° 40'. 
By [ 18 ] , A = 28 X 1.318 = 36.90. 
By [19], ^^ =28 X 0.859 =24.05. 

III. 

31. Given b and A, to find B, h, and a. 
The other acute angle is found by [15]. 

To find h and a, select from [1] the equations 

sec -4=r tan A= t 

which give 

h=bsecA [20] 

a =b tan A [21] 

32. Example. Given & = 110, and ^ = 76° 30', to find 
the other parts. 

By [15], ^ =90°- 76° 30' = 13° 30'. 
By [ 20 ] , A = 110 X 4.289 = 471.8. 
By [ 21 ], a = 110 X 4.171 = 458.8. 

IV. 

33. Given h and a, to find A, B, and &. 

To find the angles, select from [1] the equations. 

sin^=coSj5=? [22] 

To find b use the equation 

a2 + 62 = ^3 

changing it to the more convenient form 



^• = >/(A + a) (h-a) [23] 
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34. Example. Given A =45 and a = 37, to find the 

other parts. 

37 
By [22], sin ^ = eos ^= jg = 0.822. 

^=55° 18'. ^=34° 42'. 



By [23],*= v/ (45 + 37) (46 - 37) = 25.61. 

V. 

36. Given a and h, to find A, B, and h. 

To find the angles, select from [1] the equations 

tan^ = cot^=^ [24] 

The hypothenuse may be found by the equation 

A=V^aM^ [25] 

but when the given values of a and h are large numbers 
it is more convenient to find h by one of the equations. 

h=acscA, h=b sec A [26] 

which may be used after A has been computed. This is 
the case referred to on page 17, in which it is not always 
best to compute directly from the data. 

36. Example. Given a =50 and &=75, to find the 

other parts. 

50 
By [24], tan ^= cot ^=1^=0.667. 

^ = 33^42'. ^=56° 18'. 

By [ 25 ],;^=v/ 502 + 752 =90.14. 

By [26], A =50 X 1.803* = 90.15. 

^ = 75x 1.202* = 90.15. 

* Instead of interpolating for 42' in the last two computations, 
interpolate for J§ of a degree, which is more exact. 
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37 • Bxerclses. 

i. Find the other parts of a right triangle of which the 
hypothenuse measures 16 feet, and one acute angle 47° 36'.- 

2, Find the other parts of a right triangle of which the 
hjpothenuse measures 6 feet 8 inches^ and an acute angle 
10° 14'. 

3, Find the other parts of a right triangle of which the 
perpendicular measures 35 feet, and the angle opposite 
thereto 22° 6&. 

4* Find the other parts of a right triangle of which the 
base measures 27 feet 6 inches, and the angle opposite 
thereto 66° 42'. 

6. Find the other parts of a right triangle of which the 
perpendicular measures 42.5 feet, and the acute angle adja- 
cent thereto 35° 15'. 

6, Find the other parts of a right triangle of which the 
base measures 3.46 metres, and the acute angle adjacent 
thereto 39° 46'. 

7, Find the other parts of a right triangle of which the 
hypothenuse measures 32 feet and one leg 28 feet. 

8, Find the other parts of a right triangle of which the 
hypothenuse measures 6.7 inches and one leg 4.8 inches. 

9, Find the other parts of a right triangle of which one 
leg measures 85 feet and the other 204 feet. 

10, Find the other parts of a right triangle of which one 
leg measures 0.362 metres and the other 0.436 metres. 

11, A ladder 35 feet long leans against the side of a 
house, the foot of the ladder being 12 feet away from the 
house. How high does the ladder reach ? What angle 
does it make with the side of the house ? 

12, A beam 28 feet long rests with one end on a level 
floor and the other raised 20 inches above it. What is the 
inclination of the beam to the floor ? 

13, Two stakes stand 20 feet apart, and the top of one is 
3 feet higher than the top of the other. What is the length 
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of a line from the top of one to the top of the other, and 
what angle does this line make with the horizontal ? 

14' A road which rises 1 foot in a horizontal distance of 
20 feet is inclined to the level how many degrees ? 

15. A barn is to be 40 feet wide and the roof is to slope 
equally both ways from the middle. How high must the 
ridge-pole be above the level of the eaves that the slope 
of the roof may be 35° ? 

16. A room being 18 feet long, 16 feet wide, and 10^ feet 
high, suppose a line drawn from one corner of the floor to 
the diagonally opposite corner of the ceiling. Find the 
angles which this line makes with each edge of the floor, 
and also with the diagonal of the floor drawn from the 
same corner with it. 

%* A surveyor indicates the direction of lines by reference to 
the meridian, or north and south line, passing through the place of 
observation. If he is facing the north, lines running off to his 
right in any direction between due north and due east are de- 
scribed as " bearing " north so many degrees east, the number of 
degrees being the measure of the angle between the meridian and 
the observed line ; and lines running off to his left in any direc- 
tion between due nori;h and due west are described as " bearing " 
north so many degrees west. In the same way if he is facing 
south, lines are described as bearing south so many degrees east or 
west. This enables him to describe lines of all directions, and the 
observed angle needs never exceed 90°. 

17. A surveyor measures a line running north 42° east 
120 rods. The end of this line is how far north, and how 
far east of the beginning ? 

18. A man walks in a direction north 48° west. How far 
north and how far west of his starting-point will he be 
when he has walked 200 rods ? 

19. The town of B is 40 miles due north of the town of 
A, and the town of C is 36 miles due east of B. What is 
the direction of C from A? What is the distance ? 
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20, A man walks in a direction south 39'^ east until he is 
75 rods further south than he was at the starting-point. 
How far is he to the east of his starting-point ? How far 
has he walked ? 

21, A ship sails from a harbor on a course N. E. by N.* 
How far has she sailed when a certain headland, known to 
be 34 miles due north from the harbor, is seen bearing due 
west from the ship ? How far away is the headland ? 

22, Two men start from the same point, one riding due 
south 7 miles an hour, and the other due east 8^ miles an 
an hour. How far apart will they be at the end of 9 hours, 
and in what direction is the first from the second at any 
time during the 9 hours ? 

23, A surveyor runs a line south 32^ 15' east 14.3 rods, 
then from the end of this another line south 67° 50' west 
21.4 rods, and from the end of this last another line north 
15° 20' west 8.6 rods. From the point he has now reached 
compute the bearing and the distance of his starting-point. 

24, A surveyor in order to find the breadth of a river 
drives a stake at a point directly opposite a tree on the 
other bank; At a convenient distance from this stake he 
drives another, in such a position that the line joining the 
two stakes makes a right angle with the line from the first 
stake to the tree. Then he measures the angle, 53° 34', 
which the line from the second stake to the tree makes 
with the line joining the two stakes, and the distance, 43.6 
rods, between the two stakes. Find the breadth of the 
river. 

25, A train of cars was running on a straight railroad 
track across a prairie in a direction due west. At a point 
5 miles north of the track a surveyor with his compass took 

* That is, north 33° 45' east. The reader who is not familiar 
with the points of the mariner's compass will find a brief descrip- 
tion in the Appendiij. 
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the bearing of the engine, and 21 minutes 37 seconds later 
took it again. The first bearing was south 58° east and 
the second south 61° west. At what rate was the train 
running ? 

%* The angle of elevation of an object is the observed angle which 
is formed by two lines proceeding from the point of observation, 
one inclining upward to the object observed, and the other rmi- 
ning horizontally to a point directly under the object observed. 

26. At a horizontal distance of 200 feet from the foot of 
a flag-staff the angle of elevation of the top is 34° 40'. 
How high is the flag-staff? 

27. At a horizontal distance of 2 miles the top of a moun- 
tain is observed to be elevated at an angle of 7° 38'. How 
many feet high is the mountain ? 

28. At how great a horizontal distance from the foot 
of a tower 128 feet high will its top have an elevation of 
28° 40' ? 

29. When the top of a monument 320 feet high is seen 
at an elevation of 7° 15' by an observer standing on the 
same level with the base, how far off is the monument ? 
How far must the observer walk towards it on the same 
level to change the angle of elevation to 20° ? 

%* The angle of depression of an object is the observed angle 
which is formed by two lines proceeding from the point of observa- 
tion, one inclining downward to the object observed, and the other 
running horizontally to a point directly over the object observed. 

50. From a church belfry known to be 250 feet above the 
level of the water in the harbor a boat is seen, the angle of 
depression being 3° 20'. How far away is the boat ? 

51. Two towers are 528 feet apart. From the top of one 
the angle of elevation of the top of the other is 12° 50' 
and the angle of depression of the base 21° 35'. Find the 
height of each tower. 

32. From the top of a bluff 236 feet above the sea level 
a yacht is seen sailing directly away ; and in forty-five sec- 
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onds she changes the angle of depression from 15^ to 10^. 
How many miles an hour is she sailing ? 

%* It often happens that the point directly under the object 
whose angle of elevation is observed cannot be reached, so that its 
distance from the point of observation cannot be directly measured. 
Such a case would be that of a hill-top or mountain summit. 
Where it is practicable to select two stations on the same level, 
and in a line with the object to be observed, the angles of eleva- 
tion taken at the two stations and the measured distance between 
the stations are sufficient data for computing the height and dis- 
tance of the observed object. Let A denote the angle of eleva- 
tion at the more distant station, B that at the nearer station, d 
the measured distance between the two stations, x the unknown 
distance from the nearer station to the point under the object 
observed, and y the unknown height of the object above the level 
of the stations. Then the two equations 

a + x X 

which are easily derived from the conditions stated, give, by the 
elimination of x, 

_ d tan ^ tan A 
tan B — tan A 

S3. From two stations at the sea level the angles of ele- 
vation of the top of a lighthouse standing on a bluff and in 
a line with the two stations, are found to be 12^ 44' and 
23° 19'; and the distance between the stations is 634 feet. 
Find the height of the top of the lighthouse above the sea 
level. 

34. From a window on one side of the street the angle of 
depression is taken of the doorstep to the house directly 
opposite, and found to be 7° 10'. From another window 
directly over the first, and 19 feet higher up, the angle of 
depression of the same doorstep is found to be 15*^ 2b'. 
How wide is the street ? How high is each window above 
the street ? 

35, From a church belfry the angle of depression of the 
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top and of the base of a monument are observed to be 
6° 32' and 13° 50' respectively. How high is the belfry 
above the level of the base of the monument if the monu- 
ment itself is 40 feet high ? 

36. From the deck of a steamer, which was moving due 
north twelve miles an hour, a lighthouse was seen bearing 
north 42° west, and one hour later the same lighthouse 
bore south 28° west. How many minutes after the begin- 
ning of the hour was it when the steamer was nearest the 
lighthouse, and how near was she ? 

37. How many degrees above the horizon is the sun, 
when an upright post 10 feet high casts a shadow 17^ feet 
long on level ground ? 

38. The sun being on the equator on a certain day in 
March at noon, the shadows of upright objects in a certain 
place are then observed to be just two-thirds as long as the 
objects are high. What is the latitude of the place ? 

39. At noon on a day when the sun is 10° 14' south of 
the equator, an upright pole 30 feet high casts how long a 
shadow on level ground if the place is in 42° 21' north 
latitude ? 

Isosceles Triangrles. 

%* An isosceles triangle may be divided into two equal right 
triangles by drawing a perpendicular from the vertex to the base. 
This perpendicular bisects the angle at the vertex and the base. 

40. Find the angles of an isosceles triangle of which the 
base measures 15 feet, and each of the other sides 23 feet. 

41. The base of an isosceles triangle measures 27 feet 
and the height 37 feet. Find the angles. 

42. The base of an isosceles triangle measures 213 feet 
and the angle at the vertex 29° 20'. What is the height ? 
The length of each of the other sides ? 

43. Find the base and the altitude of an isosceles triangle 
of which each of the equal sides measures 36 feet, and the 
^ngle included by theiix is 48° 30', 
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44. The altitude of a right cone is 36 inches and the 
diameter of the base 22 inches. Find the angle at the 
vertex. 

45. The angle at the vertex of a right cone is 24® 32^, and 
the height of the cone is 20 inches. Find the diameter of 
the base and the slant height. 

46. A right pyramid 50 feet square at the base is 80 feet 
high. Find the inclination of each face of the pyramid to 
the base, also the inclination of each edge to the base. 
Find the angles which one edge makes with each of the 
others. 

Begrular Polygrons. 

*»* A regular polygon is divided into equal isosceles triangles 
by drawing to its vertices radii of the circumscribed circle. Each 
of these isosceles triangles is divided into two equal right triangles 
by drawing radii of the inscribed circle. The angles of these tri- 
angles are easily found when we know how many sides the regular 
polygon has. Then, with the functions of these angles, the sides 
of tlie polygon and the radii of the circumscribed and inscribed 
circles can be computed from one another. 

47. Find the angles of the equal right triangles into which 
a regular polygon of six [eight, ten, twelve, fifteen, twenty] 
sides may be divided in the manner above described. 

48. Find the length of each side of a regular polygon of 
five [eight, ten, twelve, fifteen, twenty] sides, if the diam- 
eter of the circumscribed circle is 12 inches. 

49. Find the length of each side of a regular polygon of 
four [five, eight, ten, twelve, twenty] sides, if the diameter 
of the inscribed circle is 16 inches. 

50. If a regular polygon of seven sides is inscribed in a 
circle of which the radius is ten inches, how long is each 
side of the polygon ? 

51. A regular polygon of nine sides is inscribed in a circle 
whose diameter is nine feet, Find the length of each side 
pf the polygon, 
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62. A regular polygon of n sides being inscribed in a 

circle of given radius r, prove that, if s be the side of the 

polygon, 

o . 180° 
5=2 r sin . 

n 
S3. A regular polygon of n sides being circumscribed 
about a circle of given radius r, prove that if s be the side 
of the polygon, 

s = 2rtani^ 
n 

54' Prove that if a regular polygon of n sides be inscribed 
in a circle, and another of the same number of sides be cir- 
cumscribed about the same circle, the perimeter of the first 

180° 
polygon is to that of the second as the sine of is to 

n 

the tangent of . 

n 

65. If a regular polygon has ten sides, what is the ratio 
of the radius of the inscribed circle to the radius of the 
circumscribed circle ? What, if the number of sides be 
four ? five ? six ? eight ? twelve ? twenty ? 

66. Prove that the radius of the circle inscribed in a 

regular polygon of n sides is to the radius of the circle 

180° 
circumscribed about the same polygon as the cosine of 

n 
is to 1. 

57. Prove that the circumference of a circle is to the 

perimeter of a regular polygon inscribed in it as tt is to 

180° 

n sin where n is the number of sides of the polygon. 

n 

68. Prove that the circumference of a circle is to the 

perimeter of a regular polygon circumscribed about it as tt 

180° 

is to n tan , where n is the number of sides of the 

n 

polygon. 
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liOOABITHMIC SOIiUnON OF BIGHT TBIANOLBS. 

38. The results obtained by the use of three-place 
functions, although regarded as only rough approxima- 
tions, are yet as close as, or even closer than, the results 
obtained by geometrical drawing. Closer approximations 
require the values of the functions to be expressed to 
a greater number of decimal places, and to be tabulated 
for smaller intervals of angle. The increased arithmeti- 
cal work which the use of such values would entail is 
avoided by the use of logarithms. The following exam- 
ples will illustrate the methods of logarithmic solution. 

I. 

39. Given h and -4, to find the other parts. 

Since the logarithms of equals are equal, formulas 
[16] and [17], by taking the logarithm of each member, 
become 

log a = log A + log sin -4 .... [27] 
log ^= log A + log cos -4 .... [28] 

40. Example. Given A = 38° 47' 35" and A= 276.53. 
By [15], J5=90°-38° 47' 35" = 51° 12' 2W', 

By [27] By [28] 

log A =2.44174 log A =2.44174 

log sin ^ = 9.79693 log cos ^ = 9.89177 

log a =2.23867* log^ =2.33351* 

a = 173.25 h = 215.53 



* The logarithms of trigonometric functions are usually given 
in the tables with their characteristics increased by 10, particularly 
when the true characteristics are negative. This fact should be 
borne in mind when finding the characteristic of any sum of which 
such logarithms form a part, as in this example. 



/ 
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41. Test. The accuracy of these results may be tested 
by finding whether the computed values of a and h sat- 
isfy the equation a^^ j2-^2 B^^ fQp convenience of 
logarithmic computation this equation should be changed 
to one of the forms 

a^=(h + b) (h'-b) 

which, by taking the logarithm of each member, become 

2loga=log(h + b) + log(h-b) [29] 

21og^=log (A — a) + log (A + a) [30] 

either of which may be used as a test. Thus : 

By [29] By [30] 

^h + b = 492.06 h + a= 449.78 

h-b = 61.00 A-a= 103.28 

log (A + ft) = 2.69202 log (A + a) = 2.65300 

log (A -ft) = 1.78533 log (^ - a) = 2.01402 

4.47735 4.66702 

2 log a =4.47734 2 log ft =4.66702 

Diffejeace 1 Difference 

II. 

42. Given a and A to find the other parts. 

By taking the logarithm of eacl]( member, [18] and 
[19] become 

log A=loga + logcsc -4 [31] 

log ft =log a + log cot -4 . ,f [32] 

43. Example. Given A = i2° 13' 47'' and a=49.834. 

By [15], J5=90°-12° 13' 47" = 77^ 46^ 13"^ 
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By [31] By [82] 

log a =1.69753 log a = 1.69763 

log CSC A = 0.67401 * log cot A = 10.66404 

log A =2.37154 log ft = 2.36157 

h =235.256 b = 229.916 

44. Test. [By 30] 

h + a= 285.090 log (h+a) = 2.45498 
A-a=185.422 log (A - a) = 2.26816 

4.72314 

2 log b =4.72314 

Difference 

III. 

45. Given b and A, to find the other parts. 

By taking the logarithm of each member, [20] and 
[21] become 

log A=log ft + log sec -4 . . . . [ 33 ] 
log a= log ft + log tan ^ .... [34] 



* The logarithms of secants and of cosecants are not usually 
given in the tables; but they are easily found from the loga- 
rithms of the cosines and of the sines. Since the cosecant is the 
reciprocal of the sine, the logarithm of the cosecant is the nega- 
tive of the logarithm of the sine ; that is, 

log CSC A = —log sin A, 

What we find in the tables is always the logarithm of the sine 
with its characteristic increased by 10, that is 10 + log sin A, which 
may be called the iabtdar log sin A, K this tabular log sin A be 
subtracted from 10 the result, 10 — (10 + log sin -4), is equal to — log 
sin A, which by the equation above given is the same as log esc A, 
Hence 

log CSC -4 = 10 — tabular log sin A, 

In the same way, 

log sec ^ = 10 — tabular log cos A. 
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46. Example. Given &= 438.62, and ^ = 57° 44' 35". 

j5=90° -570 44' 35" = 32° 16' 25". 

By [33] By [34] 

logb =2.64209 log ft = 2.64209 

log gee ^= 0.27269* log tan ^ = 10.19988 

log A =2.91478 log a = 2.84197 

h = 821.82 a = 694.98 

47. Test. By [30] 

h + b= 1260.44 log (A + 5) = 3.10052 
h^b= 383.20 log (A -ft) = 2.58343 

5.68395 

2 log a =5.68394 

Difference 1 

IV. 

48. Given h and a, to find the other parts. 

By taking the logarithm of each member, [22] and 
[23] become 

log sin -4 = log a — log h 
tabular log sin A = log a + colog h . . . . [ 35 ] 
logft=i[log(A + a) + log(A-a)] . . [36] 

49. Example. Given A =12436, and a =7632. 

By [35] By [36] 

log a =3.88264 h + a - 20068 

colog A = 5.90532 ^-a = 4804 

log sin ^ = 9.78796 log (A+ a) = 4.30251 

A = 37° 51' 28". log (h-a)= 3.68160 

J5 = 52° 8' 32". 2)7.98411 

log ft = 3.99206 

ft = 9818.7 

* See note page 31. 



k 
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50. Test. By the equation a = 6 tatf A, derived from 
[1], we shaU have, if the work is right, 

log a=log b + log tan A 

log b = 3.99206 

log tan ^= 9.89059 

3.88265 

log a = 3.88264 

Difference 1 

V. 

51. Given a and b, to find the other parts. 

By taking the logarithm of each member, [24] and 
[26] become 

log tan A= log a — log b 
tabular log tan A= log a + colog ft ... [ 37] 
log h = log a + log CSC -4 . . [ 38 ] 

52. Example. Given a = 39.428 and b = 28.745. 

By [37] By [38] 

log a = 1.69581 log a = 1.59581 
colog b = 8.54143 log esc A= 0.09256 
log tan A= 10.13724 log h = 1.68837 

^ = 53^ 54' 21". h = 48.794 

B = 36^ 5' 39". 

53. Test. By [29] 

h + ft =77.539 log (A + ft) = 1.88952 

h - ft=20.049 log Ih'-b)^ 1.30209 

3.19161 

2 log a =3.19162 

Difference i 
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54. Bzezciaes. 

1. Find the other parts of a right triangle of which the 
hypothenuse measures 12536 feet and one angle 4° 17' 36". 

2. Find the other parts of a right triangle of which the 
base measures 33621 feet and the acute angle adjacent 
thereto 2° 57' 35". 

3. Find the other parts of a right triangle of which the 
base is 12623 and the perpendicular 245 feet in length. 

4. What is the inclination of a road which rises thirty- 
five feet in a mile ? 

6. Find the angles of a right triangle of which the 
hypothenuse is 76.375 meters and the base 76.106 meters. 

6, Find the chord of an arc of 10°, if the diameter of the 
circle is 5362.7 feet. 

7, How many feet high is a mountain which at a distance 
of 3 miles is elevated at an angle of 3° lO' 15" ? What 
would be its angle of elevation at a distance of two miles ? 

8, What is the distance from the centre of a circle to the 
middle of the chord which subtends an arc of 7° 43' 18", if 
the radius of the circle measures 876.43 meters ? What 
is the length of the chord ? 

9, The height of an isosceles triangle being 325.6 feet, 
and the angle at the vertex 18° 19' 44", what is the length 
of the base ? 

10, Find one side of a regular polygon of 81 sides which 
is inscribed in a circle 3625.27 metres in diameter. 

11, The equatorial radius of the earth being 20921665 
feet, what is the length of the chord of one degree on the 
equator in miles ? What is the distance between the middle 
of this chord and the surface of the earth ? 

12, A regular polygon of seven sides is circumscribed 
about a circle 628.52 meters in diameter. How long is each 
side of the polygon ? What is the distance from the centre 
of the circle to one of the vertices of the polygon ? 



/ 
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CHAPTER III. 



THE SOLXmON OF OBLIQUE TBIANQLBS BY DRAWING A 

/.. ^x ^^^c^-\ PBBPENDICUIiAB. 

55. An oblique triangle can be solved by drawing a 
perpendicular from one of its vertices to the opposite side 
or to the opposite side prolonged and solving the two right 
triangles so formed. 

(^ <,> The given parts of the oblique triangle may be 

I. One side and two angles. 

II. Two sides and the angle included by them. 

III. Two sides and the angle opposite one of them. 

IV. The three sides. 

56. For uniformity in notation, the numerical values 
of the angles are denoted by the large letters A, B, and 
G\ those of the sides respectively opposite them by the 
small letters a, 6, and c ; and the perpendiculars from the 
points A, B, and C upon the opposite sides are marked 
respectively A P, B Q, and C R. 

I. 

57. Given one side and two angles of a triangle to find 
. the other parts. 

Let 6, Ay and B be the given parts. 
The third angle is found by subtracting the sum of the 
two given angles from 180°,' 

To find the side c, draw a perpendicular C R to it from 
the opposite vertex. This perpendicular falls within the 
triangle when both given angles are acute, Fig. 3, and 
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without the triangle when either of the given angles is 
obtuse, Fig. 4. 





Fiff. s. 



Flff. 4. 



Then from the right triangles thus formed, we have: 

In Fig. 4. 

OB=^ sin A 
AR=b cos A 

BR = OB cot (180° — ^) 
C = AB — BB 

a=OBcsc(180°-— J5) 



In Fig. 3. 
OB=^ sin A 

AR=b COS A 
BB=CB cot B 
C = AB+BB 

a = OB CSC B 



58. Example. Given ^=40° 20', J5=57° 30', and 
6 = 76, to find the other parts. 

C= 180° - (40° 20' + 57^ 30') = 82° 10'. 

OB= 76 X 0.647* =49.17 
AB= 76 X 0.762 =57.91 
BB = 49.17 X 0.637 =31.32 

c = 67.91 +31.32 =89.23 

a =49.17 X 1.186 =58.31 

59. A figure may be drawn with scale and protractor 
for the purpose of showing the general correctness of the 
computation. Such a geometrical solution is a gOod safe- 
guard against mistakes in the use of formulas, although 



* Natural functions are here used, taken from Table T., p. 9. 
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the measurements of the drawing can hardly test the 
results of computation beyond two figures. 

60. The triangle may also be solved by drawing the 
perpendicular from the other end of the given side, that 
is, from A. The formulas to be used are easily found.* 
When applied to the above example they give the follow- 
ing results : 

AP= 76x0.990 = 75.24 
OP= 76x0.136 = 10.34 
PB = 75.24x 0.637 = 47.93 

a = 10.34 + 47.93 = 58.27 

c = 75.24x 1.186 = 89.23 

61. The case in which the perpendicular falls without 
the triangle is illustrated by the following 

Example. Given ^ = 29° 40', J5=123° 10',and 6 = 34. 
C = 180° - (29° 40' + 123° 10') = 27° 10'. 

OB= 34x0.495 = 16.83 
AR= 34x0.869 = 29.55 
BB=16.83x 0.653=10.99 

c = 29.55 -10.99 = 18.56 

a = 16.83x 1.194=20.096 

62. If the same triangle be solved by drawing a per- 
pendicular from A,* the results are as follows: 

AP= 34x0.456 =15.50 
CP= 34x0.890 =30.26 
PB=15.50x 0.653 =10.12 

a = 30.26 -10.12 =20.14 

6 = 15.50x1.194 =18.53 

These results agree nearly enough with the others to 
show that both sets are correct. 

* As ail exercise, let the figure be drawn and the formulas found. 
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63. Bzercises. 

1. Find the other parts of a triangle, one side measuring 
85 rods, and the angles adjacent 48^ and 63°. 

2. One side of a triangle is 93 feet long, the opposite 
angle measures 129° 38', and one of the adjacent angles 
19° 24'. Find the other sides. 

3. Find the two sides of a triangle, if the angles op- 
posite them measure 63° 14' and 71° 44', and the third 
side 27 rods. 

4- The longest side of a triangle measures 17^ feet, the 
largest angle 78° 48', and the smallest 47° 22'. Find the 
other parts. 

5. The largest angle of a triangle measures 72°, and the 
other two differ by 10° ; the shortest side measures 18 feet 
9 inches. Find the other sides. 

6. The base of a triangle is 4.68 inches long and the 
angles at the base measure 67° 26' and 73° 48'. Find the 
two sides. 

7. From the deck of a steamer a lighthouse is seen 
bearing N. N. W., and, after the steamer has gone ten miles 
on a course N. E. by E., the same lighthouse is seen bearing 
W. N. W. How far away was the lighthouse at first ? 

8. A line 100 feet long is measured along one bank of 
a river and at each end the angle is measured between that 
line and a line directed to a tree on the other bank. The 
angles measure 67° 28' and 81° 39'. What is the distance 
from each end of the line to the tree? 

9. A surveyor running a line due north comes to a large 
pond and must find the distance across. He sends a man 
in a boat who sets up a stake at the point where the line 
strikes the opposite shore. • , He next runs a line from his 
present station north 76° east 150 rods, and from the end 
of this line finds that the stake bears north 43° 36' west. 
What is the distance across the pond? 
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11. 

64. Given two sides and the included angle of a tri- 
angle, to find the other parts. 

Let A, b, and c be the given parts. 

Draw a perpendicular to the longer given side from the 
opposite vertex. Supposing c to be the longer given side, 
the perpendicular OR will fall within the triangle, Fig. 5, 
when A is acute, and without the triangle, Fig. 6, when 
A is obtuse. 





Flff. 6. 



n«. o. 



Then from the right triangles so formed we have 

In Fig. 6, 

OB=^sin(180°-^) 
AR=ftC08 (180° — ^) 
fiB=:c + AB 



In Fig. 5, 

CB=6 sin A 
AR=b cos A 

BB = c — AB 



In both figures 

tani5=§| 

C= 180° — (-4 + ^) 
a=CB cscJ5=BB SGCB. 

65 . . Example. Given A = 3V 20', 6 = 34, and c = 42. 

CB= 34x0.520 = 17.68 
AB= 34x0.854 = 29.04 
BB= 42 -29.04 =12.96 
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taiiJ5 = ?:^ = 1.364 
12.96 

^=63° 46' 

C= 180° - (31° 2(y + 53° 450 = ^4° 56' 

a=17.68x 1.240 = 21.92 

= 12.96x1.691 = 21.92 

66. The triangle may also be solved by drawing a per- 
pendicular B Q to the shorter given side. This perpen- 
dicular falls without the triangle when A is an obtuse 
angle ; but when A is acute it may fall within or without. 
This point is settled by computing the length of AQ, 
and observing whether A Q is shorter or longer than the 
given side h. The formulas to be used are easily found.* 
When applied to the above example they give : 

BQ =42x0.520 = 21.84 
AQ=42x 0.854 = 35.87, 

and the perpendicular therefore falls without the triangle. 

OQ =35.87-34 =1.87 

tan (180°- C) = ?1:|^ = 11.68 

1.87 

180° -(7 = 85° 5' 
C = 94°55' 

B = 180° - (31° 20' + 94° 55') = 53° 46' 
a = 21.84x 1.004 = 21.93 
= 1.87x11.71 = 21.90 

67. The case in which the given angle is obtuse : 
illustrated by the following 

Example. Given A = 143° 17', b = 39, and c = 51. 

OR =39x0.698 = 23.32 
AR =39x0.802=31.28 
BR = 51 -h 31.28 = 82.28 

* As an exercise, let the figure be drawn and the formulas found. 
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tan^ =1111=0.283 

82.28 

^= 15° 47' 

C = 180° - (143° ir + 16° 47') = 20° 56' 
a=23.32x 3.679 = 85.79 
= 82.28x1.039 = 85.49 

68. By drawing a perpendicular BQ,* the following 
results are found : 

BQ =51x0.598 = 30.50 
AQ =51x0.802 = 40.90 
OQ =39 + 40.90 = 79.90 

79.90 
C = 20° 54' 

B = 180° - (143° 17' + 20° 54') = 15° 49' 
a=30.50x 2.803 = 85.49 
= 79.90x1.070 = 85.49 

69. Etzercises. 

i. Two sides of a triangle measure 25 feet and 29 feet, 
and the included angle 64° 17'. Find the other parts. 

2, Two sides of a triangle measure 37 rods and 41 rods, 
and the included angle 123° 42'. Find the other parts. 

3. Sides 35 and 45, included angle 72° 40'. 

4, Sides 112 and 109, included angle 118° 25'. 

5. Sides 73.5 and 92.4, included angle 24° 18'. 

6, Sides 63 and 22, included angle 158° 16'. 

7. Sides 23.2 and 27.3, included angle 69° 39'. 

8. Sides 6.5 and 5.6, included angle 98° 48'. 

9, Sides 125 and 150, included angle 160°. 

10. Sides 12.6 and 9.8, included angle 55° 55'. 

11. Sides 19 and 20, included angle 32° 36'. 

12. Sides 100 and 101, included angle 157° 15'. 

IS. From A to B is 11^ miles, from A to C is lOJ miles, 

* As an exercise, let the figure be drawn and the formulas found. 
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and the angle B A C is 109° 36'. How far is it from B 
toC? 

14' A surveyor runs two lines from the same point, one 
north 37° 15' east 104 rods, and the other north 28° 30^ 
west 136 rods. How far apart are the ends of these lines ? 

15, Two lines are run from the same point, one north 
47° 34' west 63 rods, and the other south 24° 10' west 72 
rods. How far apart are the ends of those lines ? 

16, From the same harbor two steamers start at the same 
time, one on a course N. by E. eleven miles an hour, and 
the other on a N. W. course nine miles an hour. If they 
hold these courses four hours, how far apart will they be at 
the end of that time ? 

17, A ship sails on a S. S. E. course 8 miles, and then on 
a N. E. course 16 miles. How far is she now from her 
starting-point ? 

18, The hour-hand of a clock is 10^, and the minute- 
hand 11^ inches long. How many inches apart are the 
ends of these hands at a quarter before one o'clock ? 

19, Three sides of a four-sided field can be measured, 
but the fourth side which runs through a swamp cannot. 
The following measurements are made : Side A B = 114 
rods. Side B C = 132 rods. Side CD= 122 rods. Angle 
B = 81° 30'. Angle C = 74° 20'. From these data compute 
(1) the diagonal A C and the angle ACB; (2) the diago- 
nal B D and the angle DB C ; (3) the side AD, using the 
triangle ACB; (4) the side A D, using the triangle A B D. 

W, Compute the fourth side of a field of which three 
sides measure 27, 32, and 36 rods, the angle included 
between the first two being 107° 15', and that between 
the second and third 102° 26'. 

21, From a point near the middle of a triangular field 
lines are run to the three corners, the first north 63° east 
87.3 rods, the second south 8° east 78.4 rods, and the third 
north 76^ west 119.7 rods. Compute the sides and angles 
of the field. 
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III. 

70. Gfiven two sides and the angle opposite one of them 
to find the other parts of the triangle. 

Let a, &, and 
A be the given 
parts. Draw a 
HneAD,Fig.7,of 
indefinite length, 
and at A con- 
struct an angle 
equal to the given 
angle and making 
the side AC equal 
to the given side &. With C as a centre and with a radius 
equal to the given side a, draw an arc. The two points 
Bj and Bj where this arc cuts the line AD determine 
two triangles AB^C and ABjC, each of which contains 
all the given parts. The problem, therefore, is said to 
have two solutions. 

The equations for solution are derived from the right 
triangles formed by drawing CR perpendicular to AD. 
When the given angle A is acute, as represented in 
Fig. 7, these equations are : 

o B = ft sin -4 
AR=ft cos A 




BB =^a* — OR*=^(aH-OB) (a — OB) 
C =AB± BB 

Since the square root of a quantity has two values 
numerically equal, but one positive and the other nega- 
tive, RB must be taken with the double sign. The two 
values of RB are represented in Fig. 7 by RBi and RB, 
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the opposite directions in which these lines extend from 
the point R corresponding to the opposite algebraic signs 
of the two values. When the positive value of RB is 
added to AR the resulting value of c is ABi, and when 
the negative value is added, the resulting value of c is 
ABj. Thus, 

Ci = ABH-RB = ABj 
C2 = AR— RB = AB2 

In the same way, the angle G has two values, AGBi 
and ACBj. The first of these is the sum of ACR and 
RCBx, and the second is the difference between ACR 
and RGB,. The two angles RGBj, and RGB, being equal 
and lying on opposite sides of the line GR may be con- 
sidered to be positive and negative values of the same 
angle RGB; so that the two values of Cmay be ex- 
pressed thus : 

Ci = AOBH-BOB = AOBi 
C2 = AOR— ROB = AOB2 

The part AGR is known from its being the comple- 
ment of A, 

AOR = 90° — A 

The part RGB may be found from its sine or its cosine. 

SmROB = ^^' C0SBOB = ^ 

The angle B has two values, which, as the figure shows, 
are supplements of each other. 

71 . Example. Given a = 37, b = 47, and A = 49° 45'. 

OR=47x 0.763 = 35.86 
AR=47x 0.646 = 30.36 

a+CR=72.86 
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a— OR=1.14 



RB= v'72.86 X 1.14= ± 9.11 
cx= 30.36+9.11 = 39.47 
6'j= 30.36-9.11 = 21.25 
Angle AOR=90°-49°45'=40°16' 

9.11 



sm BCB = 



=0.246 



37 

ROB = 14°14' 

Ci = 40° 15' + 14° 14' =54° 29' 

C2 = 40°15'-14°14'=26° 1' 

B^ = 180° - (49° 45' + 54° 29') = 75° 46' 

Bt = 180° - (49° 45' + 26° 1') = 104° 14' 

72. Special Cases. 

( 1 ) Eeferring to 
Fig. 8, we see that 
if the given side 
a, which is used as 
the radius in draw- 
ing the arc, were 
shorter than the 
perpendicular CR, 
there would be no 
triangles; because the arc would not cut the line AD 
at all, and the points Bj and Bj could not be found. 

To show how the formulas indicate this, suppose that 
a = 12, & = 35, and ^ = 32^ Then, 

OB=35x 0.530 = 18.55 




Fig. 8. 



BB=v/(12)«-(18.55)« 

Thus BB is the square root of a negative number. 
The arithmetical impossibility of finding the square root 
of a negative number answers to the geometric impossi- 
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bility of cutting a given straight line by an arc drawn 
from, a given point as centre with a radius shorter than 
the shortest distance from that point to the line. 

Eegarding the general problem as having two solutions, 
we say that both solutions are impossible when the given 
angle A is acute, and the given side a is less than the 
perpendicular CR, that is, less than &sin A. 

Briefly stated, the conditions of this special case are 

A <90° and a <ft sin A*, 

(2) If the given 
side a were equal to 
the perpendicular CR, 
Fig. 9, there would be 
only one triangle. For, 
in that case, the arc 
would touch the base 
AD at R, the two 

points Bj and Bj would fall together at R and the two 

triangles AB^G and ABjC would be one and the same 

right triangle ARC. 

To show how the formulas indicate this, suppose 

a = 19.4, J = 20, and ^ = 76^ 

Then, 

OR =20x0.970 = 19.4 
AB =20x0.242 = 4.84 

BB 




Flff. 0. 



= V/(19.4)»-(19.4)«= ±0 
c =4.84 ±0 
AOB=90°-76° = 14° 



* The sign < is read " is less than." Turned the other way, >, 
it is read " is greater than." Thus -4 < 5 means that A is less 
than B, and A'^B means that A is greater than B, 
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Bin BOB- T9l=0 
BOB = 0°. 

C =14° ± 0° 

B = 180° - (76° 4- 14°) = 90^ 

The conditions of this special case are 

^<90°ahda=6sin^. 

(3) If the given side a is greater than the perpendic- 
ular CR, but less than the given side &, as in the example 
first given, Fig. 7, there are two triangles each containing 
all the given parts. The conditions of this special case are 

^<90°and6>a>ftsin A 

(4) If the given side a were equal to the given side 
&, the first triangle 

ABiC, Fig. 10, 
would be isosce- 
les ; while the sec- 
ond triangle 
ABjC would be 
only a straight 
line, the point Bs 
falling at A. 

To show how the 
formulas indicate this, suppose a = 15, &=15, and ^ = 38°. 

Then, 

OB =15x0.616 = 9.24 

AB =15x0.788 = 11.82 

BB 
^1 




Flff. 10. 



= v/(16)«-(9.24)» = 11.82 
= 11.82 4- 11.82 = 23.64 
= 11.82-11.82 = 
AOB=90°-38° = 52° 
11.82 



smBOB = 



15 



= 0.788 



48 



ELEMENT ABY TBIGONOMETRY. 



RCB = 52° 

Ci =52° + 52^ =104° 

C^ =52°-52° = 0° 

B^ = 180° - (38° + 104°) = 38^ 

Bi = 180° - (38° + 0°) = 142° 




/Bi D 



The conditions of this special case are 

^<90°anda=*. 

(5) If the 

given side a 
were longer 
than the given 
side by the 
points Bi and 
Bj would fall 
in opposite di- 
rections from 
the point A, 

Fig. 11, the first in the base AD, the second in its pro- 
longation. The two triangles A-B^ C and AB^C are both 
possible triangles; but one of them AB^C is inadmissible, 
because it does not contain the given angle A as one of 
its parts. 

To illustrate, suppose a = 14.8, 6 = 13.5 and ^ = 54°. 

Then, Fig. 11, 

OR =13.5x0.809=10.92 
AB =13.5x0.588 = 7.94 

BB 

[^2 



= v/ (14.8)« - (10.92)» = 9.99 
= 7.94+9.99=17.93 
= 7.94-9.99= -2.05] 
AOB=90° — 54° = 36° 
9.99 



sm ROB= 



14.8 



= 0.675 
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BOB = 42°28' 

Cx =36°H-42°28' = 78°28' 

[C, =36° -42° 28' =-6° 28'] 

B^ = 180° - (54° 4- 78° 28') = 47° 32^ 

[B^ = 180° - (54° - 6° 28') = 132° 28'] 

The negative values here obtained are represented in 
Fig. 11. 

The conditions of this special case are 

^ < 90° and a > ft. 

73. Thus far the angle A has been assumed to be 
acute. If it is obtuse, the perpendicular falls without 




Flff. 12. 



the triangle, Fig. 12, on the prolongation of the base, so 
that in the right triangle ARC we have, not the given 
angle A, but its supplement 180° — A, The formulas for 
solution derived from this figure are : 



CB 
BA 

BB 

c • 

Angle BOA 



ft sin (180°-^) 
ft cos (180°-^) 



V/a*— OB* = ^(a + OB) (a 
± BB — BA 

^-90° 



— cb) 
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sin BOB = — , or cos BOB= — 

C =±BOB — BOA 

B =180°- (^+(7). 

74. Example. Given a = 65, 6 = 50, and ^ = 137'' 24'. 

180° -^=42° 36' 

OB =50x0.677 = 33.85 

BA =50x0.736=36.80 

BB = ^ (65)« - (33.85)« = ± 55.49 

c = ± 55.49 - 36.80 

cj = 18.69 

[ca = - 92.29] 

ACB=137° 24' -90° = 47° 24' 

55.49 
sin BOB = -^=0.854 

BOB =58° 40' 

(7i = 58° 40' - 47° 24' = 11° 16' 

[ (7a = - 58° 40' - 47° 24 = - 106° 4'] 

B^ = 180° - (137° 24' + 11° 16') = 31° 20' 

[B^ = 180° - (137° 24' - 106° 4') = 148° 40'] 

75. Special Cases. (6) The arc drawn from C, Fig. 12, 
as a centre, and with a as a radius can cut the base 
of the triangle in only one point B^. The other point Bj 
is in the prolongation of the base. The triangle ABjC is 
never admissible as a solution because it never contains 
the given angle A as one of its parts. The triangle AB^C 
is admissible when, as in the example above given, the 
value of a is greater than that of b. The conditions of 
this special case are 

^ > 90° and a > b, 

(7) If the given value of a were equal to that of &, 
the triangle ABj C would be merely a straight line, the 
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point Bx falling at A/ and the triangle ABjC would be 
inadmissible as before. The conditions of this special 
case are 

^>90® anda=6. 

(8) If the given value of a were less than that of b, 
both points, Bj and Bj, would fall in the prolongation 
of the base, and both triangles would be inadmissible; 
or, a being shorter than the perpendicular, neither of the 
points Bi and B, could be found, and both triangles would 
be impossible. 

The conditions of this special case are 

-4>90°anda<*. 

76. Summary of Special Cases. 

a<6sin-4 (1). Both solutions impossible, 
a = ft sin -4 (2). The two solutions identical, 
ft > a > ft sin -4 (3). Both solutions possible. 

a = ft (4). One solution an isosceles tri- 

angle, the other a straight 
line. 

a > ft (5). Both solutions possible, one 

admissible the other inad- 
missible. 

(6). Both solutions possible, one 
admissible the other inad- 
missible. 

a = ft (7). One solution a straight line, 

the other an inadmissible 
isosceles triangle. 

a<ft (8). Both solutions either inad- 

missible or impossible. 



^<90° i 



r a>b 



^>90° I 
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Tl, Exercises. 

%* Before solving a triangle, examine the data to determine 
what solutions are possible and admissible. Article 76. 

1, Given one side of a triangle 18 feet long, another 21 
feet, and the angle opposite the former 49° 17', to find the 
other parts. 

2, Given one side of a triangle 47 feet long, another 37 
feet, and the angle opposite the latter 50° 10', to find the 
other parts. 

3, Given one side of a triangle 83J rods long, another 
65^ rods, and the angle opposite the latter 39° 52', to find 
the other parts. 

4' One angle of a triangle measures 56° 49', the opposite 
side 25 inches, and one of the adjacent sides 28 inches. 
Find the other parts. 

5. One angle of a triangle measures 75° 32', the opposite 
side 82.5 feet, and one of the adjacent sides 84 feet. Find 
the other parts. 

6. Given one side of a triangle 55 feet long, another 25 
feet, and the angle opposite the latter 29° 15', to find the 
other parts. 

7. One angle of a triangle measures 72° 18', the opposite 
side 57 feet, and one of the adjacent sides 49 feet. Find 
the other parts. 

S. One angle of a triangle measures 32° 19', the opposite 
side 12 feet, and another side 49 feet. Find the other 
parts. 

9, Given two sides of a triangle, 92 and 103 feet long, 
and the angle opposite the greater side, 68° 20', to find 
the other parts. 

10, Given two sides of a triangle each 17 feet long and 
the angle opposite one of them 78°, to find the other parts. 

11, Given one side of a triangle 41 feet long, another 
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24.969 feet, and the angle opposite the latter 37° 31', to 
find the other parts. 

12, One angle of a triangle measures 124° 37', the oppo- 
site side 58, and another side 52 feet. Find the other 
parts. 

13, Given two sides of a tnangle, 102 and 121 feet long, 
and the angle opposite the latter, 142° 36', to find the other 
parts. 

14* One side of a triangle measures 57, another 100 feet, 
and the angle opposite the former 150°. Find the other 
parts. 

15, One angle of a triangle measures 120°, an adjacent 
side 200 feet, and the opposite side 150 feet. Find the 
other parts. 

16, Given two sides of a triangle, 5.32 and 6.54 metres, 
and the angle opposite the former, 32° 18', to find the 
other parts. 

17, One angle of a triangle measures 172° 15', the op- 
posite side 200 yards, and another side 100 yards. Find 
the third side, 

18. Two sides of a triangle measure 15 yards and 100 
yards, and the angle opposite the former 7° 45'. Find the 
other parts. 

19. One angle of a triangle measures 100°, and the oppo- 
site side 100 feet ; if one of the adjacent sides measures 50 
feet, what must the other side measure ? 

20. From a given point outside of a circle two lines form- 
ing an angle of 25° are drawn, one through the centre of 
the circle, the other cutting the circumference in two 
points. If the distance from the given point to the centre 
of the circle is 15 inches, and the radius of the circle is 10 
inches, what are the distances from the given point to the 
points where the circumference is cut by the second given 
line? 
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IV. 

78. GUven the three sides of a triangle to find the angles. 

Let a, b, and c be the 
given parts. A perpen- 
dicular drawn to the 
longest side from the 
opposite vertex falls 
within the triangle. 
For, if c is the longest 
B side, G is the largest 
angle, and the angles 
A and B must both be acute, so that the perpendicular 
from C falls between the points A and B, making 

C = ARH-BB. 

From the right triangles ABC and BBC come the 
equations 

ft*=AB*H-BO* 
a*=BB*+BO* 

whence, by subtraction, 

ft* — a*= AR* — "rb* 
and, by factoring. 



or 



whence 



(b + d) (6 — a) = (ABH-BB) (AB — BB) 
(b + a) (b — a)-c (AB— BB) 



(b + a) (b-^a) 

AB — BB = -^^ —^ 

c 



by which AB — BB may be computed. 

By taking half the sum of AB+BB and AB— BB, we 
get AB; and by taking half the difference, we getBB. 
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Then, to find the angles we have 

COB A = —T- COS 5 = 

a 

(7= 180° -(^+5) 

79. Example. Given a =14, J =16, and c=20. 

AB+BB=20 AB-BB=§^^= 3 

20 
AB =i(20+3) = 11.6 BB=i(20-3) = 8.6 

cos^= 1M.=0.719 cos 5=M=0.607 
16 14 

^=44° ^=52° 3y 

C=83'' 2r. 



80. Bzercises. 

1, What are the angles of a triangle of which the sides 
measure 15.3, 16.5, and 14.6 rods? 

2, If the three sides of a triangle measure 100, 120, and 
140 yards^ what are the angles? 

S, Find the angles of a triangle of which the sides 
measure 22, 28, and 48 feet. 

^ Find the angles of a triangle of which the sides 
measure 9, 11, and 13 feet. 

5. Find the angles of a triangle of which the sides 
measure 18, 22, and 26 feet. 

6, Find the angles of a triangle of which the sides 
measure 45, 65, and 65 feet. 

7. I have drawn on paper a triangle with sides 4.1 inches, 
2.8 inches, and 3.3 inches long. What are the angles ? 

8, To find the angle formed by two sides of a field, 
I measure from the corner 10 rods along one side to a stake, 
and 12 rods along the other side to a stake ; after which 
I measure the distance, 17.32 rods, between the two stakes. 
What is the size of the angle at the corner of the field ? 
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liOQABITHMIC SOLUTION OF OBLIQUE TBIANQLES. 

81. The most convenient logarithmic solutions will be 
given in a future chapter. (See Chapter VII.) But loga- 
rithms may be applied to the formulas of this chapter 
when closer approximations are desired than are attain- 
able by three-place tables. For the purpose of compari- 
son, some examples already solved with three-place natu- 
ral functions are here solved with five-place logarithmic 
functions. 

I. 

82. Given ^=40^20', B=bT 30', and J = 76 to find 
the other parts. 

For the formulas, turn to page 36. 

C= 180° - (40° 20' 4- 57° 30^ = 82° 10'. 



log ft = 


1.88081 


log 6 =1.88081 


log cos A = 


9.88212 


log sin ^ = 9.81106 


log A B = 


1.76293 


log OB =1.69187 


AB = 


57.934 




log cot B= 


9.80419 


log esc ^=0.07397 


log O B = 


' 1.69187 


log OB =1.69187 


log BE = 


1.49606 


log a = 1.76584 


BB = 


31.337 


a = 58.323 


C = 


89.271 





Compare these results with those of the same example 
on page 36. 

II. 

83. Given ^ = 31° 20', & = 34, and c=42 to find the 
other parts. 

For formulas turn to page 39. 
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log ft 


1.53148 


log ft 


1.53148 


log COS A = 


9.93154 


log sin A = 


9.71602 


log AR = 


1.46302 


log OR = 


1.24750 


AR = 


29.041 


COlog RB = 


8.88742 


C = 


42 


log tan 5= 


10.13492 


RB = 


12.959 






log CSC B= 


0.09337 


B = 


63° 45' 37" 


log OR = 


1.24750 


C = 


94° 54' 23" 


log a = 


1.34087 






a = 


21.922 







Compare these results with those of the same example 
on page 39. 

III. 

84. Given a = 37, 6=47, and ^=49° 45' to find the 
other parts. 

For formulas turn to page 43. 



log ft 


— 


1.67210 


log ft 


= 1.67210 


log cos A = 


9.81032 


log sin A 


= 9.88266 


log AR 


=: 


1.48242 


log OR 


= 1.55476 


AR 


= 


30.3686 


OR 

a 


= 35.8725 
= 37 


log (a+CR) 


=: 


1.86257 


a + OR 


= 72.8725 


log (a — or) 


= 


0.05211 
2)1.91468 


a— OR 


= 1.1275 


log RB 


= 


0.95734 


log RB 


= 0.95734 


RB 


— 


9.0644 


colog a 


= 8.43180 


Ci 


^ 


39.4330 


log sin ROB = 9.38914 


c% 


—7 


21.3042 


ROB = 14° 10'. 52" 








AOR = 90^ 


^-^=40° 15' 


B, 


— 


75° 49' 8" 




Ci = 54°25'52" 


B^ 


— ■ 


L04° 10' 52" 




(7a = 26° 4' 8" 



Compare these results with those of the same example 
on page 44. 
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IV. 

85. Given a = 14, 6 = 16, and c=20 to find the angles. 
For formulas turn to page 54 



h-¥a 




30 


log (6 + a) 


= 1.47712 


b—a 




2 


log (6 —a) 


= 0.30103 


c 




20 


colog c 


= 8.69897 


AR— 


BB 


3 


log(AB BB) = 0.47712 


AB+BB 


20 






AB 




= 11.6 


BB 


= 8.5 


log AB 




= 1.06070 


logBB 


= 0.92942 


colog b 




= 8.79588 


colog a 


= 8.85387 


log COS A 




= 9.85658 


log COS B 


= 9.78329 


A 




= 44° 2' 55" 

C 


B 
= 83° 20' 5" 


= 52°37'0" 



Compare these results with those of the same example 
on page 55. 

86 . Exercises. 

1. Find the other parts of a triangle of which one side 
measures 4283.6 feet, one adjacent angle 67° 16' 47", and 
the other 58° 48' 17". 

2. Two angles of a triangle measure 38° 18' 45" and 
109° 42' 35", and the shortest side 592.3 metres. Find 
the other two sides. 

3. Two sides of a triangle measure 49.85 feet and 51.92 
feet, and the angle opposite the foimer 53° 47' 20". Find 
the other parts. 

4. Find the other parts of a triangle of which two sides 
measure 48.26 and 52.88 feet, and the included angle 
62° 10' 25". 

5. Two angles of a triangle measure 87° 25' 15" and 
50° 32' 19"; and the longest side 489.38 feet. Find the 
other two sides. 
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6. Two sides of a triangle measure 327.9 feet and 296.8 
feet, and the angle opposite the former 88° 19' 36". Find 
the other parts. 

7. Find the angles of a triangle of which the sides meas- 
ure 263.47, 289.41, and 324.19 rods. 

8. Find the other parts of a triangle of which two sides 
measure 328.68 and 329.48 metres, and the included angle 
89° 14' 35". 

P. Two sides of a triangle measure 437.68 yards and 
897.54 yards, and the angle opposite the latter 175° 28' 40". 
Find the other parts. 

10. Find the angles of a triangle of which the sides 
measure 583.9, 492.3, and 621.4 feet. 

11. Two sides of a triangle measure 597.3 and 1269.4 
feet, and the included angle 171° 24' 16". Find the other 
parts. 

12. Find the angles of a triangle of which the sides 
measure 1231, 697, and 705 feet. 

IS. Two sides of a triangle measure 496 feet and 497 
feet and the angle opposite the former 2° 23' 15". Find 
the other parts. 

H. Find the angles of a triangle of which the sides meas- 
ure 1001, 1002, and 1003 feet. 

15. Two sides of a triangle measure 637.23 and 537.67 
rods, and the included angle 96° 18' 25". Find the other 
parts. 

16. Two sides of a triangle are in the ratio of 1 to 
0.993465, and the included angle is 115°. Find the other 
angles, and the ratio of the third side to each of the 
others. 

17. The three sides of a triangle measure 3484, 3277, and 
3158 feet. Find the angles, and find the lengths of the 
perpendiculars drawn from each comer to the opposite 
side. 

18. To find the angle made by two roads, I pace along 
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one road 237 paces, then across the fields to the other road 
209 paces, and then by the other road 253 paces back to 
the starting-point. What angle do the two roads make? 

87. MisceUcuieous Exercises. 

1, From a given point to a given straight line are drawn 
a perpendicular and two oblique lines. The latter are 10 
and 15 inches long, and are both on the same side of the 
perpendicular. The distance between the points where 
they meet the straight line is 8 inches. Find the length of 
the perpendicular. 

2, The data remaining the same as in the preceding 
exercise, suppose the oblique lines had been drawn on 
different sides of the perpendicular, what would then have 
been the distance between the points where they met the 
straight line? 

S, From a belfry 148 feet above the ground the angles of 
depression of the top and bottom of a flagstaff are found 
to be 38° 18' and 46° 38'; and the flagstaff stands on 
a mound 20 feet higher than the ground under the belfry. 
How high is the flagstaff? 

^. The horizontal distance between two stations, A and 
B, is 700 feet ; but B is 50 feet below the level of A. In 
a line with A and B, and beyond B looking from A, stands 
a tower whose height is to be found. The angle of elev.a- 
tion of its top at A is 20° 51' ; and at B, 31° 26'. How 
high is the tower above the level of B, and what is its hori- 
zontal distance from B ? 

5. The diagonals of a parallelogram form an angle of 50° 
with each other, and their lengths are 22 and 42 inches. 
Find the sides and angles of the parallelogram. 

6. The sides of a triangle are A B = 26 feet, B C = 28 feet, 
and C A=32 feet. Within the triangle is a point 15 feet 
from A and 16 feet from B. How far is this point from C ? 

7. The triangle described in the preceding exercise being 
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laid out on level ground, an upright pole 40 feet liigh is 
planted at a point 15 feet from A and 16 feet from B. 
Cords are stretched from the top of the pole to the three 
corners of the triangle and fastened there. What are the 
lengths of these cords, and what angles do they make with 
one another? 

8, A and B are two stations whose distance apart is 
known; C and D are two other stations whose distance 
apart is to be found by means of the angles measured at A 
and at B. 

Given : Distance A B = 3.42 miles. 

Angles, BAD = 32°17'. 

DAC = 44°28'. 

DBC = 63°12'. 

CBA = 46°48'. 

To find C D. 

Draw the figure to a scale of an inch to a mile. 

9. Having computed the distance C D, as in the preced- 
ing exercise, we can now find the distance between two 
more stations, E and F, by means of angles measured at C 
and at D. 

Given : Angles, D C F = 35° 44'. 

FCE = 61°18'. 
FDE = 59°37'. . 

ed(;:j=40° 2'. 

To find E F. 

Draw the figure to a scale of an inch to a mile. 

%* The last two exercises exemplify the method of surveying 
known as triangulation. A base line in some suitable place is 
very accurately measured, and stations for measuring angles are 
selected at convenient points (usually hill-tops) all over the terri- 
tory to be surveyed. Two of these stations, of course, are the two 
ends of the base line. The lines drawn from station to station 
form a net-work of triangles, whose angles are measured at the 
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different stations, but whose sides are to be computed from these 
measured angles and the known length of the base line. The 
triangles given in Art. 88 were taken from a survey of this kiud. 

10, At just eight o'clock two light-houses were observed 
from the deck of a ship, one bearing N. 46° W., and the 
other N. 7° W. At nine o'clock the light-houses were 
again observed, the first bearing S. 56° W., and the sec- 
ond N. 77° W. The chart shows that the distance be- 
tween the light-houses is 12.3 miles, and the bearing of the 
second from the first is N. 32° E. How far did the ship 
sail during the hour, supposing she held a straight course ? 

11, A and B are two small islands in the harbor. From 
the top of a monument 210 feet above the water level, the 
angle of depression of A is found to be 10° 17' ; and that 
of B, 12° 42', and the horizontal angle* between them 
57° 39'. How far apart are the two islands, and what is 
the horizontal distance of each from the monument? 

12, From the top of a tower 180 feet high standing 
within a level triangular field, the angles of depression and 
the bearings of the three corners, A, B, and C, are taken as 
follows : 

A bears N. 52° W., depressed 12° 45'. 
B " S. 81°E., " 9° 15'. 

C " S. 43°W., " 10° 30'. 

Find the sides and angles of the field, and the position of 
the tower within it. 

IS. A surveyor measuring a line in a northerly direction 
comes to an impassable swamp, and, having no instrument 
with which to measure angles, proceeds to measure with 
his chain (four rods long), as follows : From his station A 

* The horizontal angle is the angle formed by two lines proceed- 
ing from the point of observation horizontally to points directly 
over (or under) the objects observed. 
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south of the swamp, a line A B in a northeasterly direction 
12 chains long ; from station A, a line A C in a northwest- 
erly direction 15 chains long ; from B to C, 15.71 chains. 
The line B C lies beyond the swamp, and is crossed at a 
point D by the line running northerly from A. By meas- 
uring BD= 6.08 chains or DC = 9.63 chains, th^ surveyor 
has data sufficient to compute the length of the line A D 
which crosses the swamp. Find AD. 

14, To determine the position of a point by means of the 
hearings taken from it of three other points whose positions 
are hnown. 

To give the problem a practical form, let the point to be 
determined be the position of a boat in a harbor, and the 
three known points three observable objects. A, B, and C, 
on the shore, whose distances apart are known; namely, 
A B = 520, B C = 602, and C A = 410 yards. The observer in 
the boat sees A directly before him, B to the left, and C to 
the right ; but A is farther off from him than either B or C. 
Calling his place of observation 0, he measures the two 
angles A B = 21^ 40^, and A C = 16° 20'. The points A, 
B, and C having been laid down (on a chart), the point 
can be laid down by the following construction : On B C as 
a base, construct a triangle B D C making the angle D C B 
equal to 21° 40' (A OB), and the angle DBC equal to 
16° 20' (AOC). Observe that the triangles BAC and 
B D C have the same base, and that the vertices, A and D, 
are on the same side of it. Draw a circle through the three 
points B, D, and C. Through A and D draw a straight 
line. This line cuts the circumference of the circle at D, 
and, if prolonged, at another point. This other point is 0, 
whose position was to be found. The reason for this con- 
struction lies in the two facts, geometrically evident, that 
the angles D C B and A B are equal, being inscribed in 
the same segment of the circle, and that the angles DBC 
and AOC are equal for a similar reason. The distances 
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A 0, BO, and C can be computed trigonometrically by 
solving first the triangle ABC, then B D C, then A B D 
or A C D, and finally A O B and A C. With the data 
as above given^ compute these three distances. 



SIDES. 

r 33296 

1. \ 44477 

L 55511 

r 51589 

2. \ 44477 

1 19794 

r 49642 

3. < 55511 

1 19794 

r 44477 

4. < 38233 

1 20476 

r 44477 

5. < 18138 

1 48052 

r 38233 

6. < 18138 

1 33983 

r 20476 

7. < 48052 
1 33983 

r 33983 

8. < 37465 

1 11528 

r 37465 

9. \ 46963 

1 40883 



88 • Examples of Triangrles. 



ANGLES. 




8TDES. 


ANGLES. 


36° 51' 22" 




r 46963 


42° 48' 12" 


53° 14' 51" 


10. < 


^^^22 


83° 8' 54" 


89° 53' 47" 




I 55950 


54° 2' 54" 


99° 31' 36" 




r 68622 


84° 13' 20" 


58° 14' 20" 


11. ^ 


36686 


32° 8' 1" 


22° 14' 4" 




1 61803 


63° 38' 39" 


62° 40' 11" 




m^^ 


47° 58' 30" 


96° 35' 3" 


12. 


42091 


58° 27' 44" 


20° 44' 46" 




1 47367 


73° 33' 46" 


93° 33' 30" 




C 36686 


44° 9' 21" 


59° 5' 16" 


IS. 


I 24048 


27° 10' 13" 


27° 21' 14" 




1 49891 


108° 40' 26" 


67° 45' 33" 




^ 42091 


113° 13' 1" 


22° 10' 36" 


U' 


24048 


31° 40' 22" 


90° 3' 51" 




126342 


35° 6' 37" 


88° 58' 27" 




r 47367 


69° 3' 36" 


28° 18' 57" 


IS. 


< 49891 


79° 38' 53" 


62° 42' 36" 




.26342 


31° 17' 31" 


21° 12' 53" 




r 26342 


60° 40' 6" 


121° 52' 28" 


16. 


I 17590 


35° 36' 6" 


36° 54' 39" 




1 30035 


83° 43' 48" 


63° 46' 38" 




r 30035 


45° 45' 41" 


98° 30' 21" 


17. 


\ 21991 


31° 38' 19" 


17° 43' 1" 




1 40913 


102° 36' 0" 


49° 54' 7" 




r 21991 


41° 12^ 38" 


73° 30' 37" 


18. < 


( 29784 


63° 9' 49"' 


dQ"" 35' 16" 




I 32334 


75° 37' 33" 
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19. 



20. 



21, 



22. 



23. 



24. 



25. 



26. 



27. 



28. 



29. 



40913 
29784 
21153 

30035 
32334 
21153 

29784 
31209 
19892 
31209 
28639 
39376 

28639 
38898 
51216 

38898 
28730 
28585 

28730 
20436 

42883 

28585 
20436 
16671 

38898 
42883 
16671 

20436 
22104 
36301 

22104 
34827 
34084 



105° 37' 23" 
44° 30' 52" 
29° 51' 45" 

64° 24' 38" 
76° 9' 18" 
39° 26' 4" 

67° 7' 37" 
74° 53' 42" 
37° ^S' 41" 
51° 44' 17" 
46° 5' 54" 
82° 9' 49" 

33° 40' 17" 
48° 51' 15" 
97° 28' 28" 

85° 28' 45" 
47° 25' 2" 
47° 6' 13" 

35° 15' 35" 

24° 14' 39" 

120° 29' 46" 

100° 16' 33" 
44° 42' 17" 

35° rio" 

65° I'lO" 
92° ri2" 
22° 51' 38 ' 

30° 4' 36" 

32° 49' 27" 

117° 5' 57" 

37° 23' 54" 
73° 7' 31" 
69° 28' 35" 



SO. 



31. 



32. 



33. 



34- 



35. 



36. 



37. 



38. 



39. 



40. 



34827 
30168 
19189 

19189 
24143 
28455 

24143 
25946 
15993 
15993 
23448 
27733 

28476 
20014 
23448 

20014 
26268 
21892 

8688 
13916 
11087 

8688 
21303 
25809 

13916 
21303 

18471 

11087 
25809 
18471 

25809 
26179 
17922 



86° 45' 41" 
59° 51' 53" 
33° 22' 26" 

41° 47' 41" 
56° 59' 4" 
81° 13' 15" 

65° 21' 13" 
77° 37' 39" 
37° 1' 8" 
35° 10' 10" 
57° 37' 3" 
87° 12' 47" 

81° 27' 12" 
44° 1'47" 
54° 31' 1" 

48° 3' 30" 
77° 29' 25'' 
54° 27' 5" 

38° 37' 6" 
88° 35' 16" 
52° 47' 38" 

18° 13' 39" 

50° 4' 57" 

111° 41' 24" 

40° 10' 18" 
80° 55' 58" 
58° 53' 44" 

21° 56' 38" 

119° 33' 5" 

38° 30' 17" 

68° 43' 41" 
70° 5& 5&' 
40° 19' 23" 
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CHAPTER IV. 

A aENEBAL VIEW OF TBIQONOMETBIG FUNCTIONS. 

89. Hitherto, our treatment of trigonometric functions 
has been restricted to those of acute angles. Even ob- 
tuse angled triangles were solved by using, not the obtuse 
angle, but its supplement, which was an acute angle. But 
a general treatment of our subject requires that all restric- 
tions on the magnitude of angles be removed ; and that 
we consider the functions, not only of acute angles, but 
of obtuse angles, and also of angles exceeding two, or 
three, or four, or any number of right angles. 

ANGLES. 

90. To form a conception of an angle as defined in 
trigonometry, we may regard one side as holding a fixed 
position, and the other a movable one. The movable 
side is supposed to have generated the angle by starting 
from the fixed position of the first side and turning upon 





Fiff. 14. Fiff. 16. 

the vertex as upon a pivot to the position of the second 
side. The angle thus generated is greater or less accord- 
ing to the amount of turning. If the amount of turning 
is less than a quarter of a revolution, the angle generated 
is an acute angle, Fig 14 ; if the turning amounts to more 
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than a quarter and less than half of a revolution, the 
angle generated is an obtuse angle, Fig. 15 ; and if the 
turning amounts to more than half a revolution, the angle 
generated exceeds two right angles, as in Figs. 16 and 17. 





Fiff. 16. Fiff. 17. 

Such angles as the last two are called convex angles. 
They are excluded from consideration in elementary 
geometry, but are taken into account in trigonometry. 
When the revolving line O A has made one entire revo- 
lution, returning to its initial position OX, the angle 
generated equals four right angles, or 360 degrees. If the 
turning continues still further, the angle generated ex- 
ceeds four right angles, or 360° ; and, as the turning may 
be endless, the number of right angles, or the number of 
degrees, in an angle is unlimited. This leads to the en- 
larged conception and definition of an angle as used in 
trigonometry. An angle is any amount of turning in a 
fixed plane about a point that will carry a straight line 
passing through that point from any direction to any 
other direction. 

91. Since we may regard O A, Figs. 14, 15, 16, 17, as 
having made any number of entire revolutions before 
making the partial revolution indicated by the curved 
arrow, the trigonometric angle X O A has an unlimited 
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number of particular values. Thus it differs from the 
geometric angle XOA, which has but one value. For 
example, in Fig. 14, if the value of the geometric angle 
X O A is 30°, the value of the trigonometric angle is 30°, 
or 390°, or 750°, or any one of an unlimited series ot 
values each differing from the one next to it by 360°. 
And in general, if A represents any one value of an angle, 
all its values are represented by the expression 

A±k 360° 

where k is any integral number (including 0). 

The inital side of an angle is the side which is regarded 
as fixed in position ; and the terminal side is the revolving 
or generating line in its final position. 

92. If two lines XX' and YY^ Fig. 18, are drawn per- 
pendicular to each other and OX is taken as the initial 

side of all angles gen- 
erated by the line O A 
revolving in the same 
plane with the two 
lines about the point 
O, the angles are clas- 
sified by noting in 
which of the four right 
angles XOY, YOX^ 
X' O Y', or Y' O X 
their terminal sides lie. 
The lines XX' and 
YY' are called axes; 
and they divide the 
plane into four quad- 
rants, the first quadrant XOY, the second YOX', the 
third X ' O Y', and the fourth Y' O X. Angles are said 
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to be of or in the first, second, third or fourth quadrant 
when their terminal sides lie in those quadrants respec- 
tively. Thus, all acute angles are angles of the first 
quadrant ; as are also all angles formed by adding to any 
acute angle an integral number of times 360°. All ob- 
tuse angles are angles of the second quadrant ; as are also 
all angles formed by adding to any obtuse angle an inte- 
gral number of times 360°. Convex angles, and those 
formed from them by adding an integral number of times 
360° are angles of the third or of the fourth quadrant. 

93. Angles are regarded as positive or negative accord- 
ing to the way the generating line is supposed to have 
turned about the vertex. Positive turning is " against the 
sun," or contrary to the usual motion of clock-hands. It 
would carry the generating line OA from OX to OY, 
thence to O X', thence to O Y', and thence to O X again. 
Negative turning would carry the line around the other 
way. A positive angle is generated by a line turning 
positively, and a negative angle by one turning negatively. 

94. The way the generating line is supposed to have 
turned is indicated by the order in which the letters de- 
noting the angle are written. Thus X O A indicates tliat 
the generating line turned from OX to O A, while AOX 
would indicate that it turned the contrary way, making 
AOX a negative angle, if XO A is a positive one. 

Hence the same angle is represented as positive or 
negative according to the way it is written, AOX being 
the negative of X O A, so that 

XOA + AOX = [39] 

Note. Formula [39] is only a particular case of a more 
general formula. For if both angles A' O A and AOX be read 
positively, or both negatively, or one positively and the other jiega- 
tively, but with their general values (Art. Dl), the result will be 

XO A-f AOX = i A- 360^ 
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Fiff. la 



94. By attending to the distinction between positive and 
negative angles, we can represent geometrically the nega- 
tive complement of an 
obtuse angle, and the 
negative supplement of 
a convex angle. Thus 
in Fig. 19 the comple- 
ment of the obtuse an- 
gle XOA is the nega- 
tive angle A O Y. For 
the positive turning 
from OX to OA fol- 
lowed by the negative 
turning from OA to 
OY is equivalent to 
the one positive turn- 
ing from OX to OY. 

Hence in whatever quadrant OA may lie it is always 

true that 

XOA + AOY = XOY = 90" [40] 

Also the supplement of the positive angle X O B, Fig. 
19, is the negative angle BOX'; so that in whatever 
quadrant O B may lie it is always true that 

XOB + BOX' = XOX' = 180° .... [41] 
POSmVB AND NBQATIVB LINES. 

95. Straight lines are regarded as positive or negative 
according to the way a point is supposed to have moved 
in generating them. Every line is regarded as having a 
beginning, called its origin, and an end, called its termi- 
nation; and these are indicated by letters, the letter de- 
noting the origin always being written first. Thus AB 
denotes a line generated by a point movhig from A to B, 
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while B A denotes a line generated by a point moving the 
opposite way. If the line AB is regarded as positive 
the line B A must be regarded as negative ; so that it is 
always true that 

AB + BA = [42] 

96. If there are three points A,B, and C arranged in 
any order in a straight line, Fig. 20, it is always true that 
the movement of a point 
from A to B followed by 
its movement from B to C 
leaves the point just as far 
from A as does one move- 
ment from A to C. The 
general statement of this 
fact is this,, that the alge- ng. 20. 

braic sum of the distances AB and BC is always AC, 
whatever be the order of the points A, B, and C in the 
line. This is expressed by the equation 

AB + BO = AO [43] 

which by adding C A to each member becomes 

AB + B0 + 0A = O [44] 

coObdinatbs. 

97. The position of any point in the plane of the axes 
XX' and Y Y', Fig. 21, is fully known if its distance from 
each axis is given together with an indication as to which 
way from the axis the distance is to be measured. The 
distance from each axis is measured on, or in a direction 
parallel to the other. It is adopted as a rule that all 
distances measured from left to right, or in the direction 
X'X, shall be expressed in positive numbers. Then dig- 
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N 



tances measured from right to left, or in the direction 
XX^ will be expressed in negative numbers. The same 
distinction is made between distances measured upward, 

or in the direction 
Y'Y, and those 
measured down- 
ward, or in the di- 
rection YY', the 
former being ex- 
pressed in positive, 
-^ the latter in nega- 
tive, numbers. The 
distance of a point 
from the axis YY' 
to the right or left 
is called its abscissa, 
and its distance 
above or below the 
axis XX' is called its ordinate, and both distances, when 
spoken of together, are called its cod'rdinates. The posi- 
tion of a point, then, is fully known if its coordinates are 
given. Thus, Fig. 21, if the abscissa of a point is +4 and 
the ordinate + 3, the point is found by laying oflf O M 
= + 4 and ON = + 3, and drawing through M and N 
lines parallel to the axes. These Knes intersect in A, the 
point to be found. In the same way, the point B is found 
from its coordinates, — 3 and + 5 ; the point C from its 
coordinates, — 4 and — 4; and the point D from its co- 
ordinates, + 5 and — 2. The general symbols for the 
coordinates of a point are x and y, the former for the 
abscissa, and the latter for the ordinate ; so that the posi- 
tion of points may be briefly expressed by writing pairs 
of equations, thus: 



Tig. 21. 
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or still more briefly thus : 

A (4, 3), B(-3,5), C(-4,-4), D (5, -2) 
In such expressions the abscissa is always written first. 

GENERAL DEFINITIONS OF THE TBIOONOMBTBIO 

FUNCTIONS. 

98. Let -4 denote an angle of any magnitude, positive or 
negative, of which the initial line is O X and the termi- 




Fi«. 22. 



M 






Flff. 26. 



nal line is O A. The terminal line may lie in any one of 
the four quadrants, as represented in Figs. 22, 23, 24, 25. 
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The point A is taken at any chosen distance, OA 
denoted by r, from the vertex of the angle ; and the co- 
ordinates of A, are denoted by x and y. 

Then the six functions of A are thus defined : 



sin A 
tan -4 
sec -4 
cos -4 
cot A 
CSC A 



ordinate 


MA 

~OA 


^y 


distance 


r 


ordinate 


MA 


_y 


abscissa 


-OM 


X 


distance 


OA 


r 


abscissa 


-OM 


X 


abscissa 


OM 


X 


distance 


"OA 


r 


abscissa 


OM 


X 


ordinate 


"MA 


"y 


distance 


OA 


r 


ordinate 


"MA 


"y 



[46] 



POSITIVE AND NBOATIVB VALUES OP THE FUNCTIONS. 

99. The functions of angles in the different quadrants 
have positive or negative values dependent upon the 
values of the coordinates of the point A The distance 
r is always positive, in whatever direction OA may 
point. The abscissa x is, Art. 97, positive when O A is 
in the first or fourth quadrant, and negative when it is in 
the second or third. The ordinate y is positive when 
O A is in the first or second quadrant, and negative when 
it is in the third or fourth. 

Hence, 

Of angles in the first quadrant, all the functions are 
positive. 

Of angles in the second quadrant, the sine and cosecant 
are positive, the other functions are negative. 

Of angles in the third quadrant, the tangent and co- 
tangent are positive, the other functions are negative. 
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Of angles In the fourth quadrant, the secant and 
cosine are positive, the other functions are negative. 

100. As an aid to the memory, Figs. 26, 27, and 28, 
show, by means of the signs + and — , in which quadrants 
the several functions are positive, and in which negative. 



SINE AND COSBCAKT. 



TAKOENT AMD COTAKGE^T. 



8BCAMT AND COSINE. 






Fiff. 96. 



Fi«. 27. 



Flff.28. 



LIMITINa VALUES OP THE FUNCTIONS. 

101. If we suppose the line OA, Fig. 22, starting 
from the position O X to make one entire positive revo- 
lution, the angle XO A, denoted by A, will pass through 
all values from 0° to 360°, and each function will vary 
between certain limiting values, which may be deduced 
from [45]. 

102. At the start ^ = 0°, and the terminal line OA 
coincides with O X ; so that the coordinates of the point 
A are 

x^r and y=0, 
and [45] gives 



sin 0°_?_0 
r 


cos 0° 


tan0° = ?=0 
r 


cot 0° 


8ec0°=r.=l 


CSC 0° 



r 
r 
r 

r 



=!:=i 



= ^=00 



= -=cc 
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103. When -4= 90®, the terminal line OA coincides 
with O Y ; so that the coordinates of the point A are 

ic = and y=r, 
and [45 ] gives 

sin 90° =-=1 cos 90** =9=0 

r r 

tan90° = -=oo cot90*'=-=0 

r 

sec90° = ^ = oo csc90*' = -=l 

r 

104. When -4 = 180°, the terminal line O A coincides 
with OX'; so that the coordinates of the point A are 

aj=— r and y=0, 
and [46] gives 

sin 180° =-=0 cos 180° = —=-! 

r - r 

tan 180° = — = cot 180° ==^=00 

— r 

sec 180° =— = - 1 CSC 180° = - = 00 

-r 

106. When -4 = 270°, the terminal line OA coincides 

with O Y' ; so that the coordinates of the point A are 

a;=0 and y= — r, 
and [45] gives 

sin 270° =^=^=-1 cos 270° = -= 

r r 

tan 270°==^= 00 cot 270°=— = 

—r 

sec 270° = - = 00 CSC 270° = -^ = -1 

-r 

106. When J[ = 360°, the terminal line OA again co- 
incides with O X, and the coordinates of the point A are 
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again x=r and y=0; so that the functions of 360° 
are identical in value with those of 0°. 

107. If A should further increase from 360° to 720°, 
the terminal line would again pass through the same 
series of positions, and the functions would have the 
same limiting values in the same order of succession. 

VABIATION OF THB FUNCTIONS BETWEEN THEIR 

LIMITING VALUES. 

108. As the angle A increases from 0° to 360° the 
coordinates of the point A vary, but the distance r re- 
mains constantly the same. The effect of these changes 
in X and y upon the value of each function may be traced 
by reference to [45], 

109. The SINE ^y having a constant denominator, varies 

r 

directly as the numerator. In the first quadrant, there- 
fore, the sine increases from to + 1 ; in the second it 
decreases from + 1 to ; in the third it decreases from 
to — 1 ; and in the fourth it increases from —1 to 0. 

At 180° the sine changes from having a positive to 
having a negative value; but at 360°, the change is the 
other way. These changes are indicated by writing 

sin 180° = ± sin 360° = zpO, 

the double sign showing which way the change takes 
place. 

110. The TANGENT ^ varies directly as the numerator 

and inversely as the denominator. As the angle passes 
from 0° to 90° 3/ increases and x decreases, both of which 
changes increase the tangent, and the tangent passes 
through all positive values from to + oo . 
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As the angle passes from 90° to 180° the numerator 
decreases and the denominator arithmetically increases, 
both of which changes decrease the tangent arithmetically 
from an infinite value to 0. But in the second quadrant 
the tangent is negative, so that its arithmetical decrease 
is an algebraic increase. Algebraically speaking, then, the 
tangent increases in the second quadrant from — oo to 0. 
In the third quadrant, since x and y are both negative, 
the tangent is positive, and, as in the first quadrant, 
increases from to + oo . In the fourth quadrant, as 
in the second, the tangent decreases arithmetically from 
an infinite value to 0, but being negative its arithmetical 
decrease is an algebraic increase from — oo to 0. 

111. It is to be noticed here that when a function 
changes from having a positive value in one quadrant to 
having a negative value in the next, or the reverse, the 
value of the function is either or oo. The tangent illus- 
trates all these changes. Thus, at 90° it changes from 
positive to negative values, passing through the value 
00 ; at 180° from negative to positive, passing through 
the value 0; at 270° from positive to negative, passing 
through the value oo ; and at 360°, from negative to pos- 
itive, passing through the value 0. These changes are 
indicated by means of the double sign, thus : 

tan 90°= ± 00 tan 270°= ± oo 

tan 180°= q: tan 360°= ip 

112. The SECANT -, having a constant numerator, varies 

X 

inversely as the denominator ; but when the function is 
negative its arithmetical increase (or decrease) is an alge- 
braic decrease (or increase). In the first quadrant it 
increases from + 1 to + oo ; in the second it increases 
from — 00 to — 1 ; in the third it decreases from — 1 to 
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— 00 ; and in the fourth it decreases from +00 to+1. 
The changes at 90° and at 270° are thus indicated: 

sec 90° = ± 00 sec 270° = i^ 00 

113. The COSINE -, having a constant denominator, 

r 

varies directly as the numerator. In the first quadrant 
the cosine decreases from + 1 to ; in the second it de- 
creases from to — 1 ; in the third it increases from — 1 
to ; and in the fourth it increases from to + 1. The 
changes at 90° and 270° are thus indicated: 

cos 90°= ±0 cos 270°= If 

114. The COTANGENT - varies directly as the numer- 
ator and inversely as the denominator. In the first quad- 
rant it decreases from +00 to 0; in the second it de- 
creases from to — 00 ; in the third it decreases from 
+ 00 to ; and in the fourth it decreases from to — 00 . 
The changes at 90°, 180°, etc., are thus indicated: 

cot 90°= ±0 cot 270°= ±0 

cot 180° = q: 00 cot 360° = q: 00 

115. The COSECANT -, having a constant numerator, 

y 

varies inversely as the denominator. In the first quad- 
rant it decreases from +00 to + 1 ; in the second it 
increases + 1 to + 00 ; in the third it increases from — 00 
to — 1 ; and in the fourth it decreases from — 1 to — 00. 
The changes at 180° and 360° are thus indicated : 

esc 180° = ± 00 CSC 360° = ip 00 

116. The results of the foregoing discussion appear 
clearly in the table on the next page, which gives the 
value of each function for every tenth degree from 0° 
to 360°. 
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TABLE II. 

FUNCTIONS OF ANGLES IN ALL QUADRANTS. 



Angle. 


Sin. 


Tan. 


Sec. 


Cos. 


Cot. 


Csc. 


0° 


=fo 


TO 


+1.000 


+1.000 


=F» 


q:oo 


10 


+0.174 


+0.176 


+1.016 


+0.986 


+6.671 


+5.759 


20 


+0.342 


+0.364 


+1.064 


+0.940 


+2.747 


+2.924 


30 


+0.600 


+0.677 


+1.166 


+0.866 


+ 1.732 


+2.000 


40 


+0.643 


+0.839 


+1.306 


+0.766 


+1.192 


+ 1.666 


50 


+0.766 


+1.192 


+1.666 


+0.643 


+0.839 


+1.306 


60 


+0.866 


+1.732 


+2.000 


+0.600 


+0.677 


f 1.165 


70 


+0.940 


+2.747 


+2.924 


+0.342 


+0.364 


+1.064 


80 


+0.986 


+6.671 


+5.769 


+0.174 


+0.176 


+1.015 


900 


+1.000 


±0D 


±00 


±0 


±0 


+1.000 


100 


+0.986 


-6.671 


-6.759 


-0.174 


-0.176 


+1.016 


110 


+0.940 


-2.747 


-2.924 


-0.342 


-0.364 


+ 1.064 


120 


+0.866 


-1.732 


-2.000 


-0.600 


-0.677 


+1.156 


130 


+0.766 


-1.192 


-1.666 


-0.643 


-0.839 


+ 1.306 


140 


+0.643 


-0.a39 


-1.306 


-0.766 


-1.192 


+1.666 


150 


+0.600 


-0.677 


-1.156 


-0.866 


-1.732 


+2.000 


160 


+0.342 


-0.364 


-1.064 


-0.940 


-2.747 


+2.924 


170 


+0.174 


-0.176 


-1.015 


-0.986 


-5.671 


+5.769 


180° 


±0 


=fo 


-1.000 


—1.000 


qpoo 


iOD 


190 


-0.174 


+0.176 


-1.016 


-0.986 


+5.671 


-6.759 


200 


-0.342 


+0.364 


-1.064 


-0.940 


+2.747 


-2.924 


210 


-0.600 


+0.677 


-1.165 


-0.866 


+ 1.732 


-2.000 


220 


-0.643 


+0.839 


-1.306 


-0.766 


+1.192 


-1.556 


230 


-0.766 


+1.192 


-1.566 


-0.643 


+0.839 


-1.306 


240 


-0.866 


+1.732 


-2.000 


-0.600 


+0.577 


-1.156 


250 


-0.940 


+2.747 


-2.924 


-0.342 


+0.364 


-1.064 


260 


-0.986 


+6.671 


-5.759 


-0.174 


+0.176 


-1.015 


270° 


-1.000 


ioD 


qioo 


=fo 


±0 


-1.000 


280 


-0.985 


-5.071 


+5.759 


+0.174 


-0.176 


-1.016 


290 


-0.940 


-2.747 


+2.924 


+0.342 


-0.364 


-1.064 


300 


-0.866 


-1.732 


+2.000 


+0.500 


-0.677 


-1.165 


310 


-0.766 


-1.192 


+1.556 


+0.643 


—0.839 


-1.306 


320 


-0.643 


-0.839 


+ 1.305 


+0.766 


-1.192 


-1.656 


330 


-0.600 


-0.677 


+ 1.156 


+0.866 


-1.732 


-2.000 


340 


-0.342 


-0.364 


+ 1.064 


+0.940 


-2.747 


-2.924 


350 


-0.174 


-0.176 


+ 1.016 


+0.986 


-5.671 


-5.769 


360° 


qpo 


+0 


+1.000 


+ 1.000 


qioo 


If 00 



TRIGONOMETRIC FUNCTIONS. 81 



FORMULAS GENERALIZED. 

117. Formulas [3] to [10], expressing the relations 
between the different functions of the same angle, were 
derived from the definitions [1], where the angle was 
assumed to be acute. But the same formulas can be de- 
rived from the general definitions [45], and thus shown 
to be true for angles of all magnitudes. 

118. Thus, in particular, by tracing the cosecant - and 

y 

the sine ^ through the four quadrants we see that these 
r 

two functions are always the reciprocals of each other, 
and are positive or negative in the same quadrants. 

The same is true of the cotangent - and tangent -; also 

y ^ 

of the cosine - and the secant - . Hence the formulas 

r X 

sin A X CSC A = l 
tan AxQoi A = l 
sec A X COS -4 = 1 

are true for angles of all magnitudes. 

119. Again, the tangent is always the quotient of the 
sine divided by the cosine. For if these functions be 
traced through the four quadrants, it will be seen that 
the tangent is positive in those quadrants where the sine 
and the cosine are alike, that is, both positive or both 
negative ; and the tangent is negative where the sine and 
cosine are not alike. Similar reasoning applies to the 
cotangent. Hence the formulas 

tan^ = ?HL4 cot^=52i4 

cos A sm A 

are true for angles of all magnitudes. 
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120. And again, the squares of the coordmates of the 
point A being always positive, although the coordinates 
themselves may be positive or negative, Figs. 22, 23, 24, 
and 25, the equation 

a.« + y«=r» [46] 

is true for all directions of the terminal line O A, and the 
three formulas 

sin" ^+cos" A=l, 
sec" -4 = l + tan*^, 
esc" A = l + cot" A, 

which were derived from the equation a^+Iy^=h^, may 
just as well be derived from a?+y^=r^, and thus be shown 
to be true for angles of all magnitudes. 

121 . From the last three formulas are derived six quad- 
ratic solutions : 

sin^= ± v/l-cos*^ [47] 

cos^= ±^l-sin«^ [48] 

tan^= ±^sec»^-l [49] 

sec ^ = ± ^T+taHra [50] 

GotA= ±^csc»^-l [51] 

esc -4= ±^l + cotM [52] 

which differ from the formulas [7], [8], [11], [12], [13], 
[14] only in having the double sign before the radical to 
indicate that they are algebraic, and not merely drithmet- 
icaly square roots. 

122. The interpretation of these double solutions is 
found in the fact that to a given value of any one func- 
tion belong two angles between 0° and 360° ; and the 
other five functions of these two angles are arithmetically 
equal each to each ; but four of them have opposite alge- 
braic signs. These four are the ones which are derived 
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from the given one by means of quadratic solutions. The 
fifth is simply the reciprocal of the given one, and there- 
fore has the same value for the two angles. 
To illustrate : 

(i) Suppose that cos A = ^. Then A is either 60° or 

300°. By [47], sin ^ = ± v^l--(4)^= ±0.866 ; the first 
root +0.866 being the sine of 60°, and the second,— 0.866 
the sine of 300°. The secant being simply the reciprocal 
of the cosine has the same value, +2, for both 60° and 
300°. By [49], tan A = ± ^2^^ = =^ 1-732; the first 
root, + 1.732, being the tangent of 60°, and the second, 
— 1,732, the tangent of 300°. By other formulas are 
found cot j4=± 0.577 and esc -4 = ±1.155; the first root 
in each case being a function of 60° and the second a 
function of 300°. 

These results may be found in their proper places in 
Table II. 

(ii) Again, suppose that tan -4 = —1.192. Then A is 

either 130° or 310°. By [50] sec J[ = ± \/l + (-1.192 y-^ 
: = ±1.556 ; the positive root being the secant of 310° and 
the negative root the secant of 130°. By [3], cos -4 = 

,——— = ±0.643, the positive value being the cosine of 

i310° and the negative the cosine of 130°. By [47], 
!sin A = ±^T^('±0uB43)^ - ±0.766 ; the positive root being 
jthe sine of 130° and the negative root the sine of 310°. 

By [3], CSC -4 =———- = ±1.305; the positive value 

being the cosecant of 130° and the negative the cosecant 
of 310°. The cotangent being simply the reciprocal of 
the tangent has the same value, — 0.839, for both 130° 
and 310°. These results may be found in Table II. 



84 



ELEMENT AHY TRIGONOMETHY. 



123. Formulas [3] to [14] having now been general- 
ized, all formulas deduced from them may be regarded as 
true for angles of all magnitudes. This remark applies to 
the following table of formulas, in which each function 
is expressed in terms of each of the others. The deriva- 
tion of this table from formulas already proved will afford 
a useful exercise. 

For numerical illustrations of these formulas, refer to 
Table II. Taking any value of any function there given, 
compute, by aid of the formulas in this table, the other 
functions of the same angle, and see if the results agree 
with those there found. 



fobmuijAS expressing each function in terms of 

EACH OF THE OTHERS. 



8iTl^ = 


tan A = 


secA = 


sin A 


sin A 


1 


±^l-SlTlM 


±^l-8m^A 


tan A 


ta,n A 






±^l + ta.n*-4 


±^l + tanr/l 






sec A 


±^sec* A-1 
seo A 


±^sec* A — l 






1 

cos A 


± \/ 1 — cos* A 
cos A 


±^1 — cos* A 


1 


1 
cot A 




±v/l + cot*^ 
cot A 




±V/l + cot*^ 


1 


1 


CSC A 

i^csc* A-1 




CSC A 


±^csc* A — 1 
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m 



COS A — 


cot ^ — 


CSC /I = 






1 

sin -4 


±V/1 sin-^^ 
sin A 


±^l-sin^^ 


1 


1 
tan A 




±V/l + tan^^ 
tan -4 




±^l + tan^^ 


1 

sec A 


1 


sec^ 






±v/sec^^-l 


± ^ sec'-* ^ 1 


cos A 


cos A 


1 






±^1 — cos^^ 


± y/ 1 — cos*-* ^ 


cot A 


cot A 






±V/l + cot*^ 


±^l + cot'^^ 






CSC vf 


±v/csc-*-4 1 
CSC A 


± y^ csc^ A — \ 



THE FUNCTIONS REPRESENTED BY LINES. 

124, By the earlier writers on the subject, the trigono- 
metric functions were defined as lines, and they were con- 
sidered to be functions, not of angles, but of arcs. But 
modern writers have generally preferred the simpler 
method of definition, which discards arcs and radii, and 
regards the functions as numerical ratios merely. It is 
often convenient, however, for the sake of clearness, to 
represent these functions by straight lines. These lines 
are so drawn in connection with a unit-circle (that is, a 
circle having a radius equal to a linear unit) that their 
lengths for a given arc (or angle) are numerically equal 
to the corresponding trigonometric ratios. What is valu- 
able in the old definitions is retained in this method of 
representation. 
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126. The following is the method of representation: 
Draw four unit-circles, one for the angle in each quadrant, 
and divide each into quadrants, O X being the initial 
line of the first quadrant. (Figures 29, 30, 31, 32.) 




Fi«. 29. 
ruwcTioirs or aw aitglb iw thb fikst 

QUAOBAWT. 




ruiroTioirs or ax akolb iv thb sbcond 

QUABBAirr. 




V 1 


:- 


\ 




'f 




^ 


V ^ 


\ 


V 


J 


^ 


r^ 


y. 


V 



Flff. 81. 

rUVCTIOKS OP AK AKGLB IW THB THIKD 
qUADBAXT. 



Fiff. 32. 
rcHcnoKS of ait awglb iir thb foubth 

QUADBAKT. 



The angle whose functions are to be represented is 
X O A, measured by the arc X A. Denote this angle by 
A, The terminal radius, OA, is to be prolonged until 
it meets, in the points T and V, tangents to the circle 
drawn at the points X and Y. A perpendicular drawn 
from A, the end of the arc, upon the diameter passing 
through the beginning completes the construction. 

Then, in each figure, since OA=l, OX=l, and 
OY=l, 
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A MA MA 
Sin ^ = Q^=^ = MA 

4 O T O T 

126. With this construction in mind, we may describe 
the functions of an arc or angle as follows: 

The SINK M A is the perpendicular distance of the end of 
the arc from the diameter passing through the beginning. 

The TANGENT X T is that part of a geometric tangent 
drawn at the beginning of the arc which is intercepted 
between the point of tangency and the diameter pro- 
longed through the end of the arc. 

The SECANT O T is the distance from the centre of the 
circle to the end of the tangent. 

The COSINE O M is the distance from the centre of the 
circle to the foot of the sine. 

The COTANGENT YV is that part of a geometric tan- 
gent drawn at a quadrant's distance in advance of the be- 
ginning of the arc which is intercepted between the point 
of tangency and the diameter prolonged through the end 
of the arc. 

The COSECANT O V is the distance from the centre of 
the circle to the end of the cotangent. 

127. These lines represent the functions not only in 
numerical value but also in algebraic quality, as positive 
or negative. 
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Thus, when the angle is in the first or second quadrant 
its sine is positive, and the line M A has an upward direc- 
tion ; but when the angle is in the third or the fourth 
quadrant the sine is negative, and the line M A has a 
downward direction. As to the cosine, when the angle 
is in the first or fourth quadrant, making the cosine posi- 
tive, the line OM extends to the right; but when the 
angle is in the second or third quadrant making the cosine 
negative, the line O M extends the opposite way. 

As to the tangent and cotangent, when the angle is in 
the first or third quadrant making these functions posi- 
tive, the line X T extends upward and Y V to the right ; 
but when the angle is in the second or fourth quadrant 
making these functions negative, X T extends downward 
and Y V to the left. 

As to the secant and the cosecant, the figures show that 
in those quadrants where the function is positive the 
representative line O T or O V has the same direction as 
O A, the terminal line of the angle ; but in those quad- 
rants where the function is negative the representative 
line has a direction opposite to that of O A. In the fig- 
ures, negative secants and cosecants are represented by 
dotted lines. 

128. The variations of the functions produced by the 
angle's increasing from 0° to 90°, from 90° to 180°, and 
so on, can be pictured to the mind, if we imagine the 
terminal line OA (prolonged), starting from the initial 
position O X, turning through the first quadrant to the 
position O Y, then through the second, third, and fourth 
quadrants back finally to its initial position. The lines 
representing the functions will grow longer or shorter 
as the terminal line turns through a quadrant ; and when 
it passes from one quadrant into another, these lines will 
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have the same limiting values as the functions have, and 
will change from positive to negative or from negative to 
positive in the same way. The columns of Table II may 
be regarded as records of the changes in the lengths and 
directions of these function-lines, as the terminal line of 
the angle passes through the quadrants. 

129. It is worth observing, moreover, that the funda- 
mental formulas [3] to [14] can be proved directly from 
the figures which represent the trigonometric functions as 
lines. The advantage of this is that the geometric figures 
aid the memory in retaining the formulas. 

Thus in all the Figures, 29, 30, 31, and 32, 

But O A=l, and by Art. 125 

MA=sin-4 OM = cos-4. 

Therefore, by substitution, 

sin* ^ + cos* A=l 
which is [6]. 

The similar triangles O M A and O X T give the pro- 
portion 

MA : OM = XT : OX 

which, by substitution of values given in Art. 125, be- 
becomes 

sin A : cos -4 = tan A : 1 
or 

sin A 



cos A 
which is one equation of [4] 



=tan A 



90 



elemi:ntary trigonometry. 



130. THB FUNCTIONS OF A NEGATIVE ANGLE. 

Let A and -4' be two angles of the same magnitude, 
but the former positive and the latter negative, so that 

A!=-A 

The functions of A' are to be found and compared with 
those of A. Four figures (Figs. 33, 34, 35, and 36) are 







drawn to show the angles in each of the four quadrants, 
the line O X in each figure being the initial line and the 
lines OA and OA' the terminal lines of the angles A 
and A^ respectively. The curves arrows in each figure 
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show the amount and kind (positive or negative) of revo- 
lution necessary to generate the angles. In each figure 
the right triangles O M A and O M A^ are equal ; because 
O A' is taken of a length equal to O A, and the acute 
angles MO A and M O A' are, from their relations to A 
and A^, geometrically equal. Hence the points A and A' 
have everywhere the same abscissa O M ; but the ordinate 
of A' is always the negative of the ordinate of A ; that 
is, denoting the coordinates of A by a; and y and those of 
A' by a;' and y', 

x'=x and y'=— y 

'Also, since terminal lines are always positive, 

Now 

sin ^'=^ = -^=: — ?^= —sin A 
r T r 

tan A zz^^-=z — ^= — ?^= —tan -4 

XXX 

sec ^' = -, = -=sec A 

X X 

cos -4' = —,=:-= cos -4 
r r 

cot A'=-,=-^= --= -cot A 

y -y y 

V f 7* 

CSC -4' = -.= — = — =— CSC A 

y -y y 

By writing in place of -4' its equal, — -4, these results 
become : 

sin (— ^)= —sin A cos (— ^)= cos A 

tan (—-4)= — tan^ cot (—-4)= -cot A ^ [63] 

sec {—A)- sec A esc (— ^)= —esc A 
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131. THE FUNCTIONS OF A-f 90°- 

The functions of the angle A + 90° are thus found from 
those of the angle A, Draw four figures, one for the 
angle A in each quadrant (Figs. 37, 38, 39, and 40), and 
draw in each figure O A' ninety degrees in advance of 
OA. By taking OA and OA' of equal lengths, and 
drawing M A the ordinate of the point A and M' A' the 
abscissa of the point A', two right triangles O M A and 





FIff. 88. 



x^ 





O M' A' are formed which are easily seen to be geometri- 
cally equal. Hence, in each figure, the abscissa of the 
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point A' is equal in length to the ordinate of the point 
A ; but whenever one is positive the other is negative ; 
that is, in all cases 

Also, the ordinate of the point A' is equal in length to 
the abscissa of the point A; and whenever one is posi- 
tive the other is positive ; that is, in all cases 

Also, / = r 

Now, sin (^-f 90°)=?(=?=eos A 

r r 

cos (-4 + 90°) = -'=Z2?= -sin A, 

r r 

and so on. The results are : 

sin (A + 90°) = cos A cos (A + 90°) = — sin ^ 1 

tan (^ + 90°)= -cot ^ cot (^ + 90°)= -tan ^ I . [54] 

sec (A + 90°) = — CSC J[ esc (A + 90°) = sec ^ J 

These results, which are general formulas, may be thus 
illustrated by means of Table II. 

(i) Suppose ^ = 40° ; then ^ -f 90° = 130° ; and, by the 
Table, 

sin 130° = + 0.766, tan 130° = - 1.192, 

cos 40°= +0.766, —cot 40°= -1.192, and so on. 

(ii) Suppose A = 200° ; then ^ + 90° = 290° ; and, by 
the Table, 

sin 290° = - 0.940, tan 290° = - 2.747, 

cos 200° = - 0.940, - cot 200° = - 2.747, and so on. 

The formulas proved in the next two Articles can be 
illustrated in the same way. 
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132. THE FUNCTIONS OP A + 180°. 

The functions of the angle A + 180° are thus found 
from those of the angle A. Draw four figures, one for 
the angle A in each quadrant (Figs. 41, 42, 43, and 44), 
and draw in each figure O A' one hundred eighty degrees 



.M 



A' 




u 



Flff. 41. 



Y' 

Fig. 42. 



U' 




,'IK. 




M' 



Fiff. 48. 




in advance of O A. Taking O A and O A' of equal 
lengths and drawing A M the ordinate of the point A and 
'A' M' the ordinate of the point A', we have two right 
triangles which are easily seen to be geometrically equal. 
Hence the abscissa of the point A' is equal in length to 
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the abscissa of the point A, but whenever the one is posi- 
tive the other is negative; and the same is true of the 
two ordinates ; that is, in all cases, 

Also, /=r 

Now, sin (4+180°)=^==^= -sin ^ 

r V 

cos (^+180°)=?^'=:::^= -cos A 

r V 

and so on, with the following results : 

sm (^ + 180°) = -sin ^ cos (A -f 180°) = -cos ^ 

tan (^ + 180°) = tan ^ cot \a + 180°) = cot ^ }► [ 55] 

sec Xa + 180°) = - sec ^ esc \a -f 180°) = — esc ^ 



133. THE PUNOnONS OP A4-2700. 

By drawing figures and reasoning as in the other 
cases it may be shown that 

x'^y and y'=— «, 
and therefore 

sin {A + 270°) = - cos ^ cos {A -f 270°) = sm ^ ^ 

tan \a + 270°) = - cot ^ cot {A + 270°) = -tan A \ . [56] 

sec {A -f 270°) = esc A esc {A + 270°) = —sec A J 

THE FUNCTIONS OP A±k Seoo. 

134. Since increasing or diminishing an angle A by 
360° or by any number of times 360° brings the terminal 
line around to the same position it had after generating 
the angle A, the six functions of the angle ^ ± i 360° 
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are identical with the six functions of the angle A, each 
with each. Thus, 

sin (A±k 360°) = sin ^ 1 ^ ^ 

cos (^ ± A; 360°) = cos ^ J * * ' L°^-' 

and so on 

THB FUNCTIONS OF ANY ANQliB WHATEVER. 

135. The use of the formulas [53] to [57] just proved 
in finding from Table I, or from any other table limited 
to the first quadrant, the functions of angles of all mag- 
nitudes positive and negative, may best be shown by a 
few examples. 

(i) The natural functions of an angle in the second 
quadrant, as 125°. 

If 125° be taken as equal to ^ + 90°, the value of A 
becomes 35°, and the formulas [54] give 

sm 125° = sin (35° + 90°) = cos 35° 
cos 125° = cos (35° + 90°) = - sin 35° 

and so on. 

But by Table I, cos 35° = 0.819, 

sin 35° = 0.574, 

and so on. 
Hence, 

sin 125° = + 0.819, tan 125° = - 1.428, sec 125° = - 1.743, 
cos 125° = - 0.574, cot 125° = - 0.700, esc 125° = + 1.221. 

(ii) The natural functions of an angle in the thu*d quad- 
rant, as 246°. 

If 246° be taken as equal to ^ + 180^, the value of A 
becomes 66°, and the formulas [66] give 
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sin 246° = sin (66° -f 180°) = - sin 66° 
cos 246° = cos (66° + 180°) = - cos 66° 

and so on. 

Hence (Table I), 

sin 246° = -0.914, tan 246° = + 2.246, sec 246° = - 2.459, 
cos 246° = - 0.407, cot 246° = + 0.445, esc 246° = - 1.095. 

(iii) The natural functions of an angle in the fourth 
quadrant, as 318°. 

If 318° be taken as equal to ^ + 270°, the value of A 
becomes 48°, and the formulas [56] give. 

sin 318° = sin (48 °+ 270°) = - cos 48° 
cos 318° = cos (48° + 270°) = sin 48° 

and so on. 

Hence (Table I), 

sin 318° = -0.669, tan 318° =-0.900, sec 318° = + 1.346, 
cos 318° = + 0.743, cot 318° = - 1.111, esc 318° = - 1.494. 

(iv) The natural functions of an angle exceeding four 
right angles, as 3000°. 

If 3000° be taken as equal to ^ + ^ 360°, and the value 
of k (found by dividing 3000° by 360°) be taken as 8, we 
have 

3000° = ^ + 2880° 

so that the value of A becomes 120° and the formulas [67] 
give 

sin 3000° = sin (120° + 2880°) = sin 120° 
cos 3000° = cos (120° + 2880°) = cos 120° 

and so on, the functions of 3000° being identical in name 
and in value with the functions of 120°. 
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COS 600° = cos (280° -f 320°) 

= cos 280° cos 320° — sin 280° sin 320° 
= (0.174) X (0.766) - (-0.985) X (-0.643) 
= 0.133284-0.633355 
= -0.500 

These results agree with the values given in Table II 
for the sine and the cosine of 240° = 600° - 360°. 



THB SINB AND THB COSINE OF THE DIFFERENCE OF 

TWO ANGLES. 

149. Let the angle 
X O A (Fig 54) be de- 
noted by A, and the 
angle A OB by —B, 
Then the angle XOB 
is the algebraic sum of 
these, or A — B. The 
sine and the cosine of 
the angle A — B are to 
be expressed in terms 
of the sines and the 
cosines of A and B. 
On O B, the terminal side of the angle — B, lay oflf O R 
of any chosen length. From the point R let fall a per- 
pendicular RQ upon O A, the terminal sine of the angle 
A, Then, in the right triangle OQR, by [53], 

QB=30R sin ( — J?)= — OR sin B 

OQ=ORC0S ( — J?)= OR COS B 

Now project the sides of this triangle upon the rectan- 
gular axes OX and OY. The projecting angle for the 
side OQ is ^; that for the side QR is ^ + 90°, since it 
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is the angle between O X and the positive direction of 
Q R, which is B Q ; and that for the side O R is -4 — J5. 

The projections of O Q are 

O Q' = O Q cos ^ 

OQ" = OQsin-4 

or, by substituting for OQ its equivalent, OR cos -B, as 
above given. 

o Q' = o R cos ^ cos B 
o q''= o R sin A cos B 

The projections of QR are 

Q' R'=QRCOS (^ + 90^*)= — QRsin^ 
Q"R"=QRsin (-4 + 90°)= QRCOS J[ 

or, by substituting for QR its equivalent, — O R sin -B, as 
above given. 

q' r' = OR sin A sin B 
Q"R"=_ORcos A sin B 

The projections of O R are 

OR' =ORC0S (A — B) 
OR"=ORsin {A — B) 

The projection of one side of a triangle being equal to 
the sum of the projections of the other two sides, we 
have [58] the two equations 

OR" = OQ"-f Q"r" 

or' =oq' +q' r' 

which, by substituting the equivalents above found and 
dividing through by O R, become 

sin (-4 — J?) = sin -4 cos J? — cos -4 sin 5 . . . [63] 
cos (^ — ^) = cos -4 cos ^+sin J[ sin ^ . . . [64] 
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That this proof is perfectly general may be shown by 
drawing the figure in different forms and repeating the 
proof with each form, as was suggested in Article 147. 

150. The striking similarity between the proof just 
given and that given for the formulas [61] and [62] 
arises from the fact that the two proofs are, in so far as 
the reasoning is concerned, identical, the only differences 
being certain differences of expression occasioned by the 
use of the negative angle —B instead of the positive 
angle +3, Indeed, formulas [63] and [64] are simply 
what [61] and [62] become by the substitution ot—B 
for + B therein. 

151. This fact suggests that the geometrical proof of 
[63] and [64] may be set aside as unnecessary, and that 
these formulas may be derived from [ 61 ] and [ 62 ] by a 
purely analytic process. The following is such a process. 

Assuming B to be less than A, we put 

A-B=C 

and, consequently, 

A=B+C 

Formulas [61] and [62] applied to the sum of the two 
angles, B and (7, give 

sin (B+ C) = sin B cos (7+ cos J? sin (7 
cos (B-\- C) = cos B cos C— sin B sin C 

which, by writing A in place of its equivalent B^-C, and 
A — BixL place of its equivalent (7, become 

sin ^ = sin B cos (^ — ^)-f cos B sin (A — B) 
cos -4 = cos -5 cos (-4 — ^)— sin ^ sin (A — B) 

By eliminating cos {A — B) from these two equations 
we get [63] ; and by eliminating sin {A—B) we get [64]. 
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Thus : 

(i) If the first equation be multiplied through by 
cos B and the second by sin B, the result of subtracting 
the second from the first is 

sin A cos J? — cos A sin J?=(cos* -5+sin* B) sin (A — B)\ 
or, since cos^ -B+sin^ B=l, 

sin A cos ^— cos A sin J5=sin (A — B), 
which is [63], 

(ii) If the first equation be multiplied through by 
sin B and the second by cos 5, the result of adding the 
two equations is 

sin A sin -B+cos A cos ^=(sin* J?-f cos* B) cos (A — B) 

or, since sin^ -B+ cos^ B=l, 

sin A sin ^ + cos A cos ^=cos {A — B) 

which is [64]- 

THB TANGENT AND THE COTANGENT OF THE SUM AND 
OF THE DIFFERENCE OF TWO ANGLES. 

152. By [4], [61], and [62], 

tan (A-\-B\ = sin (A-\- B) __ sin A cos ^+cos A sin B 

cos (A + B)^ cos A cos ^—sin A sin B 

or, dividing both numerator and denominator through by 
cos A cos By and reducing each term by [4], 

tanM + ^)=^?5_^i±^5?LA. [65] 

^ ^ l-tan^tan^ *- ^ 

In the same way, from [63] and [64] is derived 

tan(^-^)=: ^^^-^'^-^ [66] 

^ ^ 1-ftan^tan^ *- -* 

By [62], [61], and [4], 

oot (A-\-B\=- QQs (A-\-B) _ cos A cos ^•— sin A sin B 

sin (^H-^)"" sin -4 cos i^+ cos -4 sin ^ 



116 ELEMENTARY TRIGONOMETRY, 

or, dividing both numerator and denominator through by 
sin A sin B, and reducing each term by [4], 

. / J . i>\ _ cot ^ cot B—1 r ^_ -, 

In the same way, from [63 J and [64] is derived 

i, / A T%\^eiC^iAQOt B-\-l rool 

cot (-4—^)=—-— -— 7- [68] 

^ cot ^— cot A ■■ -* 



FONOnONS OF THB DOXTBLB AND OF THB HALF OF AN 

ANGLE. 

153. In [61], [62], [65], and [67], let B=A, Then 

sin 2 -4 = 2 sin ^ cos -4 [69] 

cos2 ^=cos*^— sin*-4 [70] 

•^'^^f^- m 

If the members of [69] be added to and subtracted 
from the members of 

1 = cos* A + sin* A 

the results will be 

l + sin2^=(sin^ + cos ^)* [73] 

l-sin2^=(sin^-cos J:)» [74] 

And, if the members of [70] be treated in the same 
way, the results will be 

l+cos2^=2cos*^ [75] 

1— cos 2 -4=2 sin* ^ [76] 

If, in the last eight formulas, we write A in place of 
2 -4, and accordingly i -4 in place of A, we have 

sin -4 = 2 sin ^ -4 cos ^ -4 [77] 



tan 
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cos ^= cos* 1^^— sin* 1^^ [78] 

A= 2tani^ .^g, 

cot^=5^1i^ [80] 

2 cot ^ -4 ^ -^ 

l + sin J[=(sini^ + cosi^)« [81] 

1-sin J[=(siiii J[-cosi^)« [82] 

1 + cos ^[ = 2 008^^^ [83] 

l_cos J[ = 2sm2iJ[ [84] 

The last two equations give 

8iniJ[=±V^i(l-cos^) . ..... [85] 

cos \A-±yJi (1 + cos A) ...... [86] 

1— cos A 



tan ^ J[= 



If numerator and denominator of the fractions under 
the radical signs in the last two formulas be multiplied 
by 1 + cos A or by 1— cos -4, and sin^ A be substituted 
for l—cos^ A wherever the latter quantity occurs, the 
fractions will become perfect squares, and by taking the 
roots we shall have 

tani4=-ii2^=iz£25_f* [90] 

1 + cos ^ sin ^ 

coti^=i±«2!_ii=_!iBji_ [91] 

sm A 1 — cos A 

* 

The double sign ± is not necessary in these two formu- 
las; for the quantities 1 + cos A and 1— cos ^ are always 
positive, while sin A and tan i A are always positive or 
negative simultaneously. The reason for this is that 
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when A is an angle in the first or second quadrant so 
that sin A is positive, i -4 is an angle in the first or third 
quadrant so that tan i A ia also positive ; and when A is 
in the third or fourth quadrant, so that sin -4 is negative, 
i ^ is in the second of fourth quadrant so that tan i A 
is negative also. 

SUMS AND DIFFBBENOBS OF FUNCTIONS. 

154. The formulas [61], [62], [ 63], and [64] applied 
to the sum and difference of the two angles U and V 
give 

sin (U+ F) = sin ?7cos F+cos U&m V 
sin (?7— F) = sin Ucos F— cos ^sin V 

cos ( U+ V) = cos U cos V— sin U sin V 
cos (JI— F)=cos U Qoa F'+sin U am V 

whence, by addition and subtraction, 

sin (Cr+ r) + sin {U- V) = 2 sin Ueos V 

sin ( U+ F) -sin ( Z7- F) = 2 cos U sin F 

cos \u-¥ F) + cos (?7-F) = 2 cos ?7cos F 

-cos (?7+ F)+ cos (V~F) = 2 sin U sin F 

Now, put 

u-\-r^A 
u-r=B 

and, consequently 

U=i (A + B) 
V=i (A-B) 

and substitute these equivalents in the foregoing equa- 
tions. The result is 

sin. A + sm B=2 sin i(A + B) cos i (A— B) . . [92] 

sin^— sinJ?=2cosi (^ + J5)sm^(^— J?) . . [93] 

cos ^ + cos B=2 cos i (A + B) cos i (A^B) . . [94] 

-cos ^ + cos B=2 sin i (A + B) sm i (A^B) . . [95] 



=taii i (A-^B) cot i {AS) 
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If in these four equations we put J5=0, we shall obtain 
formulas [77], [88], and [84], already proved. 

If [92] be divided by [98], the result will be ' 

sin J[4-8in^ 
sin -4— sin -5 

or 

sin ^ + sin ^ tan \ jA + B) XM'K 

sin^-sin J5"tani(-4-^) ■• •• 

In the same way, from [94] and [95], we have 

and from [92], [98], and [94], 

^2_4±8i54=tani(^±^) [98] 

cos^+cos B ^^ ^ *• •■ 

and from [92], [93], and [95], 

sin A ^ sin B 



— cos A + cos B 



= coti(-4=F^) [99] 



155. The product of [61] multiplied by [68] member 
by member is ^ 

sin {A+B) sin (^— ^) = sin« A cos* 5— cos* A sin* B 

the second member of which becomes, by the substitution 
of 1— sin^ B for cos^ J5, and reducing, 

sin* -4— sin* B 

or, by the substitution of 1— cos^-4 for sin* -4, and 
reducing, 

cos* -5— cos* A, 
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Hence 

sin (^ + ^) sin (^ - J?) = sinM - sin* 5 

= (sin-4 + sin B) (sin ^— sin 5) 

= cos*j5— cos*-4 

= (cos J5+C08-4) (cos J9— cos-4) 



[100] 



And in the same way, from [62] and [64], may be 
deduced 



cos {A + B) cos {A—B) = cos* ^ -sin* B 

= (cos A + sin J5)(cos -4— sin^) 

= cos*J9— sin*-4 

= (cos-B+sin-4) (cosJ9— sin-4) 



[101] 



PABTICXTIiAB RESULTS DEDUCED FROM THE OBNEBAL 

FORMULAS. 

' 166. The general formulas of this chapter contain 
many particular formulas and results, some of which have 
aleady been found in other ways, but all of which are 
easily obtained from the general formulas by making 
particular suppositions as to the values of A and B. 
The following exercises lead to the more important of 
these particular results. 

157. At the outset we shall suppose the numerical 
values of the functions of all angles to be unknown. 
The only facts assumed are the following, 

cos 45° = sin 45° 
sm 60° = cos 30° 
cos 60° = sin 30^ 

which are geometrically evident ; and the formula 

sin* -4 + cos' -4 = 1. 
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168. To find the functions of 0*^. 

In [63] and [64], make B^A. Then 

flin (^— -4) = sin A cos <4— cos ^sin ^=0 
cos (^— -4)=cos A cos -4+sin ^sin A 
= cos* -4+sin* -4=1 

Therefore sin 0^ = 

cos 0° = 1 

^^ sinO^ rt 
cos 1 

„ cos 0° 1 
1 1 . 

1 1 

159. To find the functions of 45". 
In [64], make 5=^ =45°. Then 

cos (46" -45°)= cos 45" cos 46"+ sin 45" sin 46" 
cos0° = co3*46" + sin«45° 

or, since cos 0" = 1 and cos 45" = sin 45", 

l=2sin»46" 



whence 



Also 



sin*46°=i 
sin 45°=v/i 

cos 46°=v/i 

^o 8in46° ^_ 
cos 46° ^^-^ 

and so on. 
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160. To find the functions of 30° and of 60*". 
In [61] and [62], make 5=^ = 30°. Then 

sin (30° + 30°) = sin 30° cos 30° + cos 30° sin 30* 
sin 60^ = 2 sin 30° cos 30° 

or, since sin 60° = cos 30^ 

cos 30° = 2 sin 30° cos 30° 

whence, by dividing each member by cos 30°, 

1 = 2 sin 30° 

sin30° = i 



Also 



cos (30° + 30°) = cos 30° cos 30° -sin 30° sin 30* 
cos 60° = cos2 30°-sin2 30° 



or, since cos 60° = sin 30° and sin 30° = i, 

i=cos«30°-i 

cos« 30° = f 

cos 30° = i^3 = sin60° 

tan 30° = -i-=Ji = cot60^ 

and so on. 

161. To find the functions of 90°. 

In [61] and [62], put ^ = 45° and 5=45°. Then 

sin 90° = sin (46° + 45°) = sin 45° cos 45° + cos 45° sin 46° 

= (v/iXv/i) + (v/iXv/i) = i+i = l. 

cos 90° = cos (46° + 46°) = cos 45° cos 46° - sin 46° sin 46° 

Or, put A = 60° and B = 30°. Then 

sin 90° = sin (60° + 30°) = sin 60° cos 30° + cos 60° sin 30° 

= (iv/3xiv/3) + (ixi) = f + i=l 



GENERAL FORMULAS. 123 

COS 90° = COS (60° + 30°) = cos 60° cos 30° -sin 60*^ sin 30° 

= iv/3-iv/3 = 

162. To find the functions of 180°. 

In [61] and [62], make ^ = 90° and j5=90'*. Then 

sin 180° = sin (90° + 90°) = sin 90° cos 90° + cos 90° sin 90° 

= (lxO) + (Oxl) = 

cos 180° = cos (90° + 90°) = cos 90° cos 90° -sin 90° sin 90° 

= (OxO)-(lxl)=-l 

163. To find the functions of 270°. 

In [61] and [62], make ^ = 180^ and 5=90^ Then 

sin 270° = sin (180° + 90°) = sin 180° cos 90° + cos 180° sin 90° 

= (OxO) + (-lxl)=-l 

cos 270° = cos (180° + 90°) = cos 180° cos 90° - sin 180° sin 90° 

= (-lxO)-(Oxl)=0 

164. To find the functions of 360°. 

In [ 61 ] and [ 62 ], make ^ = 180° and B = 180°. Then 

sin 360° = sin (180° + 180°) 

= sin 180° cos 180° + cos 180° sin 180° 
= (Ox-l) + (-lxO)=0 

cos 360° = cos (180° + 180°) 

= cos 180° cos 180° -sin 180° sin 180° 
= (-lx-l)-(OxO) = l 

Or, make^.4 = 270° and J? =90°. 

165. To find the functions of 450°, 540°, 630°, 720°, 
1080°, and so on, substitute results already found in the 
formulas [61] and [62]. 
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166. To find the functions of 120*". 

sin 120° = sin (60° + 60°) = 2 sin 60° cos 60° 

cos 120° = cos (60° + 60°) = cos2 60°— sin* 60° 

= (i)^-(iv^3)«=-i 

Or, 

sin 120° = sin (90° + 30°) = sin 90° cos 30° + cos 90° sin 30° 

= (lxiv/3) + (0xi)=iv/3 
cos 120° = cos (90° + 30°) = cos 90° cos 30° -sin 90° sin 30° 

= (0xiv/3)-(lxi)=-i 

Or again, by [68] and [64], 

sin 120° = sin (180° -60°) 

= sin 180° cos 60°— cos 180° sin 60° 

= (0xi)~(-lxiv^3)=iv/3 
cos 120°= cos (180° -60°) 

= cos 180° cos 60° + sin 180° sin 60° 

= (-lxi) + (0xiv/3) = -i 

All these ways make the sine positive and the cosine 
negative, as they should be, for the second quadrant. 

167. By substitution of previously ascertained values 
in the formulas, find the functions of 135°, 150°, 210^ 
225°, 240°, 300°, 315°, 330°, 390°, 420°, 495°, 600°. 

168. To find the functions of a negative angle. 
In [ 63 ] and [ 64 ], make ^ = 0°. Then 

sin (-J?) = sin 0° cos J? -cos 0° sin B 

= (Ox cos ^) — (Ixsin ^) =— sin B 

cos (-5) = cos 0° cos 5+sin 0° sin B 

= (1 X cos B) + (0 X sin B) =cos B 

Compare these results with [53]. 
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169. By giving proper values to -B or to -4 in formulas 
[61] and [62] or in [63] and [64], the following special 
formulas are found, some of which have already been 
proved, but all are brought together here for convenient 
reference. (See Arts. 131-134) 



sin (-4+ 90°)= cos^ 
cos (^-1- 90°) = — sin ^ 

sin (^+ 180°) = - sin J[ 
cos {A -I- 180°) = —cos A 

sin (^ +270°) = — cos ^ 
cos (-4 + 270°)= sinJ[ 

sin (-4 + 360°)= sin ^ 
cos (^+360°)= cos^ 

sin {A— 90°)=— cos J[ 
cos(^— 90°)= mi A 

sin (^-180°)= -sin A 
cos (-4—180°) = —cos A 

sin (^-270°)= cos^ 
cos(J[-270°) = -sin^ 

sin (-4-360°)= sin ^ 
cos (-4—360°)= cos^ 

sin(90°— j5)= cosJ5 
cos ( 90°— J?) = sinJ5 

sin (180°- J?) = sin^ 
cos (180°— J5) = -cos J9 

sin(270°-5)=-cosj5 
cos (270°-J?) = -sinJ5 

sin(360°--B)=-sinJ5 
cos (360°-J5)= cos-B 



[102] 
[103] 



[104] 



[105] 



[106] 



[107] 



[108] 



[109] 



[110] 



[111] 



[112] 
[113] 
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170. In this chapter will be proved some general form- 
ulas relating to plane triangles, and from them will be 
deduced certain methods of solving triangles not given 
in the earlier chapters. 

171. Each side of a triangle is equal to the algebraic 
sum of the projections upon it of the other two sides. 





Fi«. 05. 



Fi«. se. 



Let a perpendicular be drawn from any vertex, as A, to 
the opposite side (Fig. 55), or to the opposite side pro- 
longed (Fig. 56). In both figures, by [43], 

a = OB = OP + PB. 

But 

0P= projection of O A=ft cos C 
P B = projection of A B = c cos B 

Therefore, by substitution, 

a—h cos (7+c cos B. 

It is to be observed here, that, when the perpendicular 
falls within the triangle (Fig. 55) both projecting angles 
C and B must be acute, and both projections are positive. 
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SO that the sum CP + PB is an arithmetical sum; but, 
when the perpendicular falls without the triangle (Fig. 56) 
one of the projecting angles, as -B, must be obtuse, and 
the corresponding projection is negative, so that the sum 
CP + PB is an arithmetical difference. The formula em- 
braces both these cases, because the second member is 
an algebraic sum, either term of which may become nega- 
tive in consequence of the angle's being in the second 
quadrant. 

172. If the perpendicular had been drawn from B, the 
formula proved would have been 

6 = c cos A + a cos Cy 

and if from C 

c = a cos B+b cos A. 

A full expression of the theorem above stated is given 
by a set of three equations : 

a=6 cos C+c cos B 

6 =c cos -4+ a cos C ' [114] 

c = tt cos B+b cos A 

173. It will be observed, as we go on, that formulas 
relating to triangles usually occur in sets of three. Each 
equation of the set is just like the others in form, and 
differs only in the letters denoting sides and angles. 
When one equation of a set has been proved, the other 
two can be inferred from it by merely changing the let- 
ters. This change in the letters is simply a consequence 
of beginning the construction of the figure with another 
side or another angle than the one first chosen. The 
reasoning remains exactly the same. 

In deriving one formula from another by changing the 
letters, there is a fixed order which should always be 
observed. It is this : Change Aio B, B to C, and CtoA; 
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also a\^h,h to e, and e to a. The change is cyclic, and 
the process may be described as a cyclic change of letters. 
This process applied to the first equation of the set just 
proved [114] give's the second, applied to the second it 
gives the third, and applied to the third it gives the first 
again, thus completing the cycle. 

174. The equations just proved may be taken as the 
fundamental equations of plane triangles; that is, all 
other general formulas expressing the properties of plane 
triangles can be deduced from these by purely algebraic 
transformations. On the other hand, all the general 
formulas can be proved independently of one another by 
geometric reasoning, so that one formula has no more 
claim than another to be regarded as fundamental 

Accordingly, in the further treatment of our subject, 
we have a choice of methods. By the analytic method, 
we can deduce all results from the fundamental equa- 
tions [114], without further reference to the geometric 
relations of the parts ; by the synthetic method we can es- 
tablish each result separately, reasoning directly from the 
geometric relations of the parts. In the present chapter, 
we shall use both methods of treatment for all the princi- 
pal formulas ; the analytic, to show how all the formulas 
are derived from the fundamental one ; and the synthetic, 
to keep the geometric signification of each formula clearly 
before the mind. 

175. The sides of a plane triangle are proportional to 
the sines of the opposite angles. 

Analytic Proof. The elimination of either a, b, or c 
from [114] will give an equation expressing this theorem. 
Thus, by substituting for c in the first equation its equiva- 
lent, the second member of the third equation, we have 
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a=6 cos C+a cos* B-^h cos ^ cos J? 
or, by factoring, 

a (1— cos* J9) = 6 (cos C+cos A cos B) 

or, by substituting sin^ -B for 1 — cos^ By 

a sin* B^h (cos C+cos A cos -B) 

But 

C=180*'-(J[ + ^) 
cos (7=cos [180°- (^ + J?)] 
= -cos {A-\-B) 
= —cos -4 cos j5+sin A sin -B 

so that the last equation above becomes, by substitution 
in the second member, 

a sin* B=h sin ^ sin ^ 

whence, by division, 

a h 



sin A sin B 

Eliminating in the same way a from the second equa- 
tion of [114], or h from the third, gives the result, 

h c ^^ c a 

or 



sin B sin C sin C sin Al 

All three results are embraced in the formula, 
a h c 



sin A sin B sin C 



[115] 



The common value of the three equal ratios [115] is 
called the modulus of the triangle, and, for a reason which 
will appear later, is denoted by 2 J?. 

2B=^ = ^=-A-^ .... [116] 
sin A sm B sm C 
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176. The sides of a plane triangle are proportional to 
the sines of the opposite angles. 

Geometric Proof. Drawing from any vertex, as C, 
a perpendicukr to the opposite side (Fig. 57), or to the 





Fl«. 57. 



Flff. 66. 



opposite side prolonged (Fig. 58), we have, in the right 
triangles so formed. 



Fig. 57. 

(i) BO = AO sin A 
= h sin A 

(ii) RO = BO sin J5 
= a sin B 



Fig. 58. 

(i) RO = AOsin^ 
= ft sin -4 

(ii) BO = BO sin BBO 

= asin (180^-5) 
= a sin B 



Therefore, by comparing (i) and (ii) in both cases, 

a sin B^b sin A 

whence 

ah 

sin A " sin B' 

By drawing the perpendicular from A or from B, the 
result would be 



sin B sin C 



or 



a 



sin C sin A 



Thus we have proved geometrically the three equations 
in [116]. 
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177 • In a plane triangle, the sine of any angle is equal 
to the quotient of the opposite side divided by the diameter 
of the circumscribed circle. 





Geometric P500F. From the centre of the circum- 
scribed circle draw a perpendicular to the side B C. This 
bisects the side at M, and the arc BC at R. Draw radii 
O B and O C 

The angled, being measured by one half of the arc 
BC, is equal to the angle BOB, which is also measured 
by one half of the arc BC. Therefore 

sin A= sin B o R= q^-- 

But M.B = i BC = i,a; and OB, the radius of the cir- 
cumscribed circle, may be denoted by B, Therefore, by 
substitution, 

A \ a a 
B 2B 

which was to be proved. 

In the same way may be proved 

h 



sin J?= 



2B 



and sin C7= 



2B 



182 elemMTary trigonometry. 

178. A comparison of the equations just proved with 
[116] shows that the diameter of the dreumscriied circle 
is numerically eqibal to the m^dnius of the triangle, 

A convenient form of stating the relations just proved 
is the following : 

a=2It sin A | 

b=2E8iaB [117] 

c=2jBsin cl 

179. The mm of two sides of a plane triangle is to 
their difference as the tangent of half the sum of the oppo- 
site angles is to the tangent of half their difference. 

Analytic Proof. The first two equations of [117] 
given by addition and subtraction, 

a + ^ = 2jB (sin ^ + sin B) 
a— ^=2 jB (sin -4— sin B) 

whence, by division, 

a+b sin ^+sin B 
a— ^""sin -4— sin B 

But, by [96], the second member of this equation is 

equal to 

tan i (A-\- B) 

tajii (A-B) 
Therefore 

a+b_ tfmi(A+B) rilfil* 

a-b tan J (-4-5) >- J 

Two other equations can be proved in the same way, 
or they may be deduced from this one by a cyclic change 
of letters. These equations express the theorem. 

* Note. If 6>a, and therefore 5>4 both denominators in 
[ 118 ]) are negative, but the equation holds true. If desirable to 

clear it of negative factcws, it may be written ^±Jt= ^^ i (^+^) , 
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180. Geometric Proof. With O as a centre, and 
with C A, the shorter of the two sides meeting at C, as a 
radius, draw a 
circle cutting 
the side C B in 
D. Draw AD; B 
prolong BC to 
B; drayr BA? 
and, parallel to 
it,DF. 

From the 
construction of mg. ei. 

the figure, it follows that the triangles BCA and A CD 
are isosceles; that BAD and ADF are right angles; 
and that the triangles ABB and FDB are similar. 

The angle adb=^acb 

= i(180°-(7) 

= i(^ + ^) 
The angle DAP=^— CAD 

= -4 — ADB 

In the right triangles BAD and ADF, 



and 



tani (-4 + J?) = tan ADB=^ 



tan \ (-4--5)=tan dap=^ 



whence, by division, 

tan ^ (■44-^ )_AE . FD_AB 

tani(^-5) ^i> • AD PD • 

The line BB=B0 + 0E=B04-0A = a+^ 
and BD = BC— OD = BC— OA=a— ^ 



(i) 
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whence, by division, 

V 

a + OBB /••\ 

^ = BD (") 

The similar triangles AEB and FDB give the propor- 
tion, 






AB_BB 
FD^BD 

showing that the right-hand members of (i) and (ii)-are 
equaL Therefore the left-hand members are equal, that is 

a-^-b tan ^ (A-{-.B) 
a— ^""tan J (A—B) 

181. By adding the first two equations of [117] and 
dividing the result by the third equation, we get 

a+b sin^ + sin^ 
c ~" sin C 

The numerator of the second member of this equation 
is, by [92], equal to 

2 sin J^ iA + B) cos J {A-B). 

The denominator, since sin C=sin (180°— C) and 
180° — C=A-\-B, is equal to sin {A'\-B)\ and this last, 
by [77], is equal to 

2 sin i (A-^B) cos i (-44- B). ^ 

By substituting these quantities for the numerator and 
denominator, and cancelling equal factors, we get 

a±b_ (,o%},{A-B) ; .^j , 

, c "cosi(^ + ^) L^A^«J 

Two other equations of the same form may be, found 
by a cyclic change of letters 
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By subtracting the second equation of [117] from the 
first and dividing the result by the third, we get 

a—b sin -4— sin B 
e sin (7 

which is, by a process similar to the foregoing, reduced to 
the form, 

£zft=!|5LlMr§ .... [1196] • 
c sm \ {A+B) *- "* 

Two other equations of the same form. 

The two formulas [119 a] and [1196] can easily be 
proved geometrically from Figure 61. This is proposed 
as an exercise. 

182. The square of one side of a triangle is equal ta 
the sum of ths squares of the other two sides less twice the 
product of these sides multiplied by the cosine of the angle 
includM by them, ^ \ 

\ ANALYTia Proof. If the first equation of [ 114 ] be 
ni\ilti|>lied through by a, the second by —6, and the third 
by — c, and the three^^quations be then added, the re^lt is 

s. 

-w*^- 6^ — c^ = — 2 6 c cos -4 

If the first be multiplied through by — a, the second by 
by and the third by — c, the result of adding is 

_a^-l-^2_c2= -2 c a cos B 

If the first be multiplied through by —a, the second 
by —6, and the fliird by c, the result of adding is 

_a2— ft2+c2= ^2ab cos G 

■■ • •■ 

. * Nous. _If il>a, and therefore B> -4, both numerators are 
negative. To make them positive the formula may be written 

b — a _ &m ^ {B—A) 
c "sin J (5+^) 
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These results give the three equations, 
a*=b^-{-(^-.2 be cos A 



b^=c^+a^—2 6acoaB 
' c^=a^+b^— 2 ah cos C 

which completely express the theorem.* 



[120] 



183. Geometric Proof. Suppose the equation 

is the one to be proved. There are two cases to be con- 
sidered, one in which ^ is an acute angle, and one in 
which A is obtuse. 

First, let A be acute. From one of the other vertices, 
as C» let fall a perpendicular 

o 





Flff. 62. FUr. 08. 

upon the opposite side (Fig. 62), or upon the opposite side 
prolonged (Fig. 63). Then, 

(Fig. 62), RB = <J— AR 
(Fig. 63), BR=AB— o 

In either case, by squaring, 

bb*=c^ + a5*— 2cxAB. 

* Note. The theorem of Pythagoras is a particular case of this 
theorem, as may be seen by making ^ =90°, or ^=90°, or C= 90** 
in the formulas. 
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By adding R c' to each member of this, and remember- 
ing that 



AR^ + B 0* = A 0* = ^* 



we get 



a2=c*+6»-2cXAB 



But in both figures 



AB=6cos A. 



Therefore 



a«=c*+i«-2<j6cos^ 




which is the equation to be proved. 

Secondly, let A be obtuse. The perpendicular from O 
(Fig. 64) falls without the tri- ^ 
angle> and 

BB = BA+o 

or, by squaring, 

BB* = BA« + C* + 2<JXRA 

Adding RC* to each member of this, and reducing as 
before, we get 

a3=^24.c3+2cxBA 

But BA = CAXCOSBAO 

= ^ COS (180°-^) 
= —ft cos A 

Therefore, by substitution, 

a^=:b^+c^^2cbco8A 



which, as before, is the equation to be proved. 
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The three equations just proved are hy some writers 
regarded as the fundamental equations of plan^ trian- 
gles, and with good reason, for all others can be derived 
from them. It may be proposed as an exercise to derive 
from them the equations [114].* 

184. The three equations [120], give the cosines of 
the three angles of a triangle in terms of the three sides. 
Thus, ' • 



cos A— 
cos B^ 
cos (7= 



. 2hc 
g^-^^ + c^ 
2 c a 



[121] 



2ah 

When the values of the sides are small numbers, these 
equations give the angles quite easily by means of the 
natural cosines ; but for large numbers requiring logarith- 
mic work it is better to transform them so Jha<^ the second 
member may be a product of factors and not a sum of 
terms. 

To do this in the case of the first equation:, subtract 
each member from 1, and reduce the second member as 
follows :' ; • - • ... 

. . -a^ + b^ + c^ 

1— cos -4=1— — 7n 

2 c 
2bc-{-a^-b^'-'C^ 
2be 

" 2bc 

(a — b + c) (a+b — e) 
" 2bc 

* If any two of the equations [120] be added, the result 
reduced is one of the equations [114]. 
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But, by [84], the first member is equal to 2 sin^ i A. 
Therefore, 



or 



sin J ^ =^/(i=^±^L^±Hf) 
^ V 4^c 

c 

To abbreviate this, let 2 8 denote the sum of the sides 
of the triangle, so that 



2s= 

2 (9-0) = 

2 l8-b) = 
2(.-c) = 



—a+b+c 
a — b + c 
a + b^c 



[122] 



Then, by substitution, 



f ' 



sin J A 



=v 



2(s--b)x2(s-c) 
Abe 



which, reduced, is the first equation of the following set, 
the others being derived from [121] in the same way: 



sin- J A 



=v 



sin J B= 



V 



(s-b) (s-c) 
be 

(s—c) (s—a) 
c a 



V ab J 



• • [123] 



185. Another transformation of the first equation of 
[121 ] is made hy addipg each member to 1, and reducing 
the second member, as follows ; 
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1+cos -4=1 + 



~a« + d» + c« 



2be 
2ho 

2hc 
(a+b^-c) (— g + ft + c) 
2he 
But, by [88], l + cos A = 2 cos* i A. 

Theief oxe 

2 cos* i ^= (a+ft + g) (-^tt + ^+g) 

26c 



or 



cos 



._ j (a + b + c) (— g + ^-hg) 
* y 4ftc 



which, by the abbreviations [ 122 ], becomes the first equa- 
tion of the following set: 



cosiJ[=^/ii£ll2)' 



cos iB= 



cos J C= 






=s 



0=^ 



£-£} 



. . . . [124] 



188. Dividing each equation of [123] by the corre- 
sponding one of [124], we have 



ton^ A- jjs-b) (s-c) 



s (s — ti) 



V S (s-b) 



'i n= l(s-a)(s-b) 



tan'*C= 



8-6) 



• « « < ' 



[126] 
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187. If we put, for abbreyiation. 



8 



the last set of equations becomes 

tani^= ^ 



[126] 



taniO= 



8^CL 

r 

r 

8—e 



[127] 



188. The geometrical meaning of some of the foregoing 
expressions may be learned by inscribing in the triangle 
ABC (Fig. 65) a circle, touching the sides at points 
D, E, and F. 




FUr. 06. 

Since the two tangents drawn from a point to a circle 
are equal, we have, 

AD = AF, BB = BD, OP = OB, 

and, by adding, 

AD+3B+CF=AP+BD+OB 

Each member of this equation is equal to one-half the 
perimeter of the triangle, because both members together 
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make the whole perimeter. But one-half of the peri- 
meter is i (a + 6 + c), or s. Therefore, 



5=AP+BD 



+°n [i] 



From the figure, again, we have 

a=BB+CB 
i=OF4-AF: 
C = AP-J-BD 

or, substituting o F for its equal OB. 

A D for its equal A F. 
B E for its equal B D. 

a=BB+OF ] 

ft=CF + AD I ...... (ii) 

C = AD + BB J . 

By subtracting eat^ of the equations (ii) from the first 
equation of (i) we get 

s — a=AD 

. 5— ft=BB V 



S — c=<pF 



V 



In a similar way it may be shown, that 

' \ -. 'v. 

5— a=AF 

5— 5=BD 
S—.C =OB 

189. Geometric proof of [127]. By drawing the radii 
O D, O B, and O F (Fig. 65), also the lines O A, O B, and 
O C, which bisect the angles A, B, and C respectively, we 
have, in the right triangles ADO, B B O, and C P O, 

tan i ^ = ^, tan i B=g|, tan J (7= ^, 

^ AD' ^ BE OF 

or, substituting for each numerator >, to denote the radius 
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of the inscribed circle, and for each denominator the 
value found in the last article, 

tani^ = — ^, tani^=— ?^, tan ^ (7= ^ 



.8— a 8 — b 8 — c 

•^ We thus discover that r, which [126] :was adopted as 
an abbreviation for the quantity 



V 



(s — a) (s — b) (s—c) 

8 



is numerically equal to the radius of the inscribed circle. 

ABBA OF TRIANGLES. 

190. If perpendiculars A P, B Q, C R be drawn from 
the vertices of a triangle to the opposite sides respec- 
tively, the area of the triangle will be expressed by either 
of the following products: 

JaXAP, ^6XBQ. ^CXOR. 

But, by projecting the sides upon the perpendicular, we 
find 

A P = ft sin C=c sin B 
B Q= c sin -4 = a sin C 
C R= a sin ^= ft sin -4 

Therefore, by substitution, , . 

Area of 
triangle 



/ = iaftsinO=^ft csin^ = ^casin-5. ; [128] 



which gives the area in terms of two sides and the sine 
of the included angle. 

191. If, in the formula just proved, we substitute for b 
in the first product, f or c in the second, and for a in the 
third, their respective equivalents. 
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gsinJ^ b sinO j c sin.i 
sin ^ ' sinB' sin C 

taken from f II6}» the lesult 

Area of 1 a*sin^sin(7 ysinOsin^ c^sin^sinJ^ nocn 
triangle J 2siaA " 2smB " 28in(7 ^^^^ 

gives the area in terms of one side, and the sines of the 
angles. 

192. If, in this last formula, we substitute for a^, l^, 
and ^ their equivalents, 

4 5»sin«^, 4JK«sin«-5, 4 ^ sm* C7, 

taken from [117], all three products reduce to the same, 

^*^M=2^sin^8in5sin(7. . . . [130] 

giving the area in terms of the radius of the circum- 
scribed circle and the sines of the angles. 

193. If, in this last formula, we substitute for the sines 
of the angles their equivalents, 

a h , e 

2E' 2E' ^"^ 2B' 

taken from [ 117 ] the result. 

Area of 1 ah c nan 

triangle |"4jB t-^*^-" 

shows that the area of a triangle is equal to the product 
of its three sides divided by four times the radius of the 
circumscribed circle. 

194. It is proved in geometry, that the area of a plane 
triangle is equal to one-half the perimeter multiplied by 
the radius of the inscribed circle ; that is, in the symbols 
above used, [122] and [126]. 
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Area of \ ^ ri9!il 

triaaidft i*" *"***,.*■' -■ 

* - J 

or, substituting for r its equivalent [126], 

Area of 1 _ i— r—, rr-; r 

triaaiglef"^' ('-«>('-*><*-''> • • • CM8] 

which gives the area in terms of the three sides. 
196. By combining [131] with [133] we get 

a b e 

2ig= ^ .—— , , ^, , , [134] 

2\/8 (a— a) (s—b) (s—c) ^ •* 

which gives the modulus of the triangle in terms of the 
three sides. 



SOLUTIONS OF TBIANQLBS. 

L 

196. Given one side and two angles of a triangle, to find 
the other parts. 
The third angle is found at once from the equation 

The rest of the solution is by means of [ 117 ] 

a=2^8in^ 
ft=2-Bsin^ 
c=2JBsmG 

The logarithm of 2 ^ is first found by means of the 
equation containing the given side and the opposite angle. 
Then the other two equations give the other two sides. 
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197. Example. Given the side 6=124.6, the angle 
^ = 59° 17' 10", and the angle C=74° 34' 20". 

-4 = 69° 17' 10" 

(7= 74° 34' 20" 

133° 61' 30" 

J?= 46° 8' 30" 



log 6 =2.09662 
log sin j?= 9.86797 
log 2^ =2.23766 
log sin ^ = 9.93436 
log a = 2.17191 

= 148.66 



a 



\og2R =2.23756 
log sin (7= 9.98406 
logc =2.22161 

e = 166.68 



"ids. Another solution is by means of the formulas 
[119 a] and [1196], which, by a cyclic changfe of letters, 
become, for the above example. 



c4-a cosj-((7— ^) 
h ""cosi((7+^y 

(7-^= 16° 17' 10", 
C+^=133°61'30", 



h "■sini((7+^)' 

i(C-^)= 7° 38' 36", 
i ((7+4 = 66° 65' 46", 



log^cos J. ((7—^) 
log cos i ((7+ -4) 

log ^ 
log (c + a) 

c+a 
c— a 



a = 



9.99612 
9.69314 
0.40298 
2.09652 
2.49850 

316.136 
18.013 
297.123 
148.66 



log sin \ (C—A) 
log sin J (C-^A) 

logb 
log (c— a) 

c — a 

c + a 



c = 



9.12386 
9.96380 
9.16006 
2.09552 
1.25558 

18.013 
316.136 
333.149 
166.67 



The two solutions, being independent, may be used as 
checks on each other. 
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11. 

199. Given two sides and the included angle of a tri- 
angle, to find the other parts. 

Let a, b, and C be the given parts. 

The value ot i (A + B) is one-half the remainder found 
by subtracting C from 180°. 

The value oi i (A — E) is computed by means of the 
equation 

tan ^ (^-^) = ?-l| tan ^ {A + h) 

taken from [118]. 

The sum of i (^ 4- B) and i {A — B) is the angle A, 
and the difference is the angle B. 

The third side, may be found by means of either of the 
equations, 

g sin C __h sin C 
sin A sin B 

taken from [ 115 ] ; or, by means of either of the equa- 
tions, 

^ ^ COS ]^(A-B) ^ \iiii(A-B) 

taken from [119 a] and [1196]. 

200. Example. The two sides of a triangle are 347.2 
and 485.7, and the angle included by them is 53° 47' 40'^ 
What are the other parts ? 

In choosing the symbols, we let a represent the greater 
given side, so that the angle A may be greater than the 
angle B, making i (A — B) as well as a — 6 positive. 
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a = 485.7 log (a-b) = 2.14145 

6 = 347.2 CO log (a + b) =7.07941 

a— 6 = 138.5 log tan ^ (A + B) = 10.29476 

a+ 6 = 832.9 log tan J (A-^B) = 9.51562 

C= 53° 47' 40" log a = 2.68637 

A + B = 126° 12' 20" log sin C = 9.90682 

i(A + B)= 63° 6' 10" CO log sin ^ = 0.00508 

i(A-B)= 18° 8' 59" lege = 2.59827 

A= 81° 15' 9" log 6 = 2.54058 

B= 44° 57' 11" log sin C = 9.90682 

CO log sin ^ = 0.15087 

c = 396.53 log c = 2.59827 

The agreement between the two values of c here found 
is a proof of the work. A further and independent proof is 
found in computing c by [119 a] or [1196]. 

log (a + 6) =2.92059 log (a -6) =2.14145 

logcosi(^ + ^) =9.65552 log sin ^(^4-^) =9.95028 

CO log cos l(A-B) = 0.02216 colog smi(A-B) = 0.50654 

logc =2.59827 log c =2.59827 

III. 

201. Given two sides of a triangle and the angle oppo- 
site one of them, to find the other parts. 

Let a, 6, and A be the given parts. 

The angle opposite the other given side is found by 
means of the equations, 

2J8= -J^ smB= * 



sin ^ 2 E 

taken from [117]. Two supplementary values of B are 
found, corresponding to the two geometrical solutions 
which can be made of this problem. See Art. 70. Let 
B^ be the acute, and J?, the obtuse value of the angle B. 
The third angle has two values, one found by subtract- 
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ing A+B^, and the other by subtracting A + B^, from 
180°, thus : 

C^ = 180° -(A + B^, Ct = 180° - (^ -h /?,) 

Since 5^ = 180° -5,, and 5a = 180°-5i, these equa- 
tions become, by substitution, 

C^=Bt-A C^ = B^--A 

The third side will have two values, which are found 
by means of the equations, 

Cx = 2E sin Ci, e^ = 2 E sin C^ 

taken from [117]. 

If sin B comes out greater than 1, there is no solution. 
If Ca comes out negative, the second solution is inadmis- 
sible. All the special cases described in Art. 76 will be 
indicated by the nature of the results obtained from the 
above formulas. 

202. Bzamples. 

1. Given two sides of a triangle, 36.74 and 39.82, and 
the angle opposite the former, 49° 36' 30", to find the 
other parts. 



a = 36.74 
b =39.82 
^=49° 36' 30" 



^1=55° 38' 8" 
^ = 49° 36' 30" 
(7,= 6° 1'38" 

log sin (7^=9.02119 
log 2 E = 1.68340 
logc, =0.70459 
c, =6.0661 



log a = 1.56514 

log sin A = 9.88174 

log 2^ = 1.68340 

CO log 2^= 8.31660 

logb = 1.60010 

log sin B = 9.91670 

i5, = 124° 21' 52 
A= 49° 36' 30" 
(7i= 74° 45' 22" 

log sin (7i= 9.98444 
log2E = 1.68340 
logci = 1.66784 
ci = 46.541 



// 
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2. Given one side of a triangle =39, another =57, 
and the angle opposite the former =47° 23', to find the 
other parts. 

a =39 log a =1.59106 

ft =57 log sin A = 9.86682 

^=47^23' log 2^ = 1.72424 

CO log 2 -K= 8.27576 
log ft = 1.75587 
log sin ^=0.03163 

No solution : sin B>1, 

3. Given one side of a triangle =322, another =283, 
and the angle opposite the former =57° 25' 15", to find 
the other parts. 

a =322 log a =2.50786 

ft =283 log sin A = 9.92565 

A = 57° 25' 15" log 2 ^ = 2.58221 

CO log 2 ^=7.41779 
log ft = 2.45179 
log sin B = 9.86958 
5^=47° 46' 55" B^ =132° 13' 5" 

A = 57° 25' 15" A = 57° 25' 15" 

Ci, negative. d = 74° 47' 50" 

log sin Ci = 9.98452 
log2JR = 2.58221 
logci =2.56673 
ci =368.75 

4. Given one side of a triangle =48.2, another =25.8, 
and the angle opposite the former = 137° 43', to find the 
other parts. 

Besults: 

B^= 21° 6' 27" B^ =158° 53' 33" 

6^, negative. C^ = 21° 10' 33" 

c» = 25.880 
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IV. 



203. Given the three sides of a triangle to find the 
angles. 

The solution is by means of the formulas [123] or 
[124] or [127], of which the last are generally the most 
convenient. 

204. Example. Given the sides of a triangle 56.3, 
62.9, and 59.4, to find the angles. 

a = 56.3 CO log s = 8.04916 

b = 62.9 log (s-a) = 1.51851 

c =59.4 log (s-b) = 1.42160 

178.6 log (s-c) = 1.47567 

5=89.3 logr* = 2.46493 

5 -. a = 33.0 log r = 1.23246 

s-^b =26.4 log (s-a) = 1.51851 

s—c= 29.9 log tan i ^ = 9.71396 

^ = 54° 43' 38" i ^ = 27° 21' 49" * 

log r = 1.23246 

log (s-b) = 1.42160 
log taniB = 9.81086 

J?= 66° 48' 2" ^B= 32° 54' 1" 

log r = 1.23246 

log (s-c) = 1.47567 

log tan J = 9.75679 

(7 =59° 28' 14" iC =29° 44' 7" 

179° 59' 54" 



. * Since the last figure of log r might with equal accuracy have 
been 7, the last figure of log tan ^ A might have been 6, giving 50''' 
in the angle. The mean between 48'^ and SC' is here taken. The 
same is done in finding ^ B and ^ C. 
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The sum of the three angles computed should be 180°, 
but may vary slightly from that in consequence of the 
omission of figures beyond the fifth decimal place in the 
logarithms. In this example, the possible error in each of 
the first four logarithms is one half of a unit in the last 
place of decimals ; then the possible error in log r is ± 1, 
and the possible error in each of the log tangents is ± 1 i 
in the fifth decimal place. Therefore the possible error in 
each of the half angles, found by consulting the tables, 
is about ±3''; in each of the whole angles, ± 6" ; and in 
the sum of the three, ± 18". The actual error in the 

present example is + 6". 

« 

205. Exercises. 

For exercises in solving triangles by the methods above 
given, turn to Art. 88. Taking as data three parts of any 
triangle there found, compute the other three parts. Since 
each triangle furnishes ten sets of given parts, the forty 
furnish in all four hundred examples. 

The following exercises suggest simple arithmetical 
illustrations of the formulas, and are readily worked by 
the three-place values of natural functions in Table I. 

i. The sides of a triangle measuring 5, 6, and 8 respec- 
tively, substitute these values for a, b, and c in [114], solve 
the equations algebraically for the values of the cosines 
of the three angles, and then find the angles by Table I. 

2, What are the results when the sides are so given that 
one of them is greater than the sum of the other two, as, 
for example, when a =9, & = 4, and c = 3? 

S, What are the results when the sides are so given that 
one of them is equal to the sum of the other two, as, for 
example, when a = 8, h — 6, and c = 3 ? 

4. The sides of a triangle measuring 12, 15, and 18, com- 



PLANE TRIANGLES. 153 

pute the modulus by [134], the sines of the angles by [117], 
and then find the angles from Table I. 

6, The sides of a triangle measuring 9, 10, and 11, find 
the angles from their cosines [121]. 

6, The sides of a triangle measuring 5, 6, and 7, compute 
the angles by [123]. 

7, The sides of a triangle measuring 3, 4, and 6, compute 
the angles by [127]. 

8, Find the radius of the circle inscribed in, and of the 
circle circumscribed about a triangle whose sides are 10, 15, 
and 20; by [126], [131], and [132]. 

9, One side of a triangle measures 16 inches, and the 
adjacent angles 62'' and 74°. Find the other parts. [ 117.] 

10, Two sides of a triangle measure 10 and 14 inches, 
and the included angle 84°. Find the other parts by [118], 
[119a], and [119&]. 

11, Two sides of a triangle measure 15 and 20 inches, 
and the angle opposite the former 37°. Find the other 
parts. [ 117.] 

12, The diameter of a circle is 2 feet, and the angles of 
a triangle inscribed in it are 49°, 63°, and 68°. Find the 
area of the triangle by [130], the sides by [117], and 
the area again by [133]. 

FORMULAS FOB SPECIAL CASES. 

206. An angle is not determined with equal accuracy 
in all parts of the quadrant by means of the same func- 
tion, nor in the same part of the quadrant by means of 
dififerent functions. For example, a small acute angle is 
determined much more accurately by means of its sine 
than by means of its cosine, because in that part of the 
quadrant the variations of the former are much greater 
than are the variations of the latter for the same varia- 
tions in the angle. 
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For a similar reason, an angle near to 90° is more accu- 
rately determined by means of its cosine than by means of 
its sine. 

It is sometimes desirable, therefore, to change a formula 
by introducing a dififerent function or a different angle. 
The following are the more important instances that may 
occur. 

207. When the hypothenuse h and one leg a of a right 
triangle are nearly equal, the angle A is near 90°, and 
cannot be accurately determined from its sine ; also the 
angle B is near 0°, and cannot be accurately determined 
from its cosine. The formula 

sin A = cos B = - 

h 

which was used in Arts. 33 and 48, should therefore be 
changed. This is done by substituting for cos B its equiv- 
alent 1 — 2 sin^ i B taken from [84]. Then 



l-2sin2i^ = ~ 
■ h 



whence 



sin ^B 



'yj'rr (™i 



which gives small values of B accurately. 

From this formula, by subtracting the square of each 
member from 1, we get 

or 

1 7> Ih + a 

Dividing [ 135 ] by this, we get 
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tan i B— 



or, multiplying numerator and denominator of the frac- 
tion under the radical by A — a, 

tani^=^ [137] 

two other formulas giving accurate values of B when h 
and a are nearly equal. 

208. When the two legs, and consequently the two 
oblique angles of a right triangle are nearly equal, their 
differences can be accurately computed by a formula de- 
rived as follows: [See Appendix C] 

Since 

90°-^=^, 

we have, by adding A to each member, 

and 

sin (^-^) = cos [90°-(^-^)] = cos 2 A 

But by [70], 

cos 2 A = cos^ A — sin^ A 
or, by substituting in the second member, 

- = cos A and - = sin A, 

h h 

Therefore 

sin(^-^) = (^ + y-'^) [138] 

Again, 

cos (B-A) = sin [ 90° - (B-A)2 = sin 2 ^ 
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But by [69] 

sin 2-4=2 sin A cos A 

or, by substituting as above, 

smZ A= 

Therefore 

cos(J5-^)=^ [139] 

The quotient of [ 138 ] divided by [ 139 ] is 

a formula for right triangles by which B—A can be very 
accurately computed when a and b are given nearly equal, 
or 6 — a very accurately when A and B are given nearly 
equal. 

209. In an joblique triangle, when two angles, as A and 
B, are nearly equal, the opposite sides are also nearly 
equal, but the differences a — b and A — B can be com- 
puted the one from the other very accurately by formulas 
derived as follows : 

By [115], 

a sin B , 

SID.A 

therefore 

, a sin B a (sin ^— sin B) 

a—b = a ; — T- ' — J ^ 

sm A sm A 

which by [93] reduces to the form 

^ • ^_ 2 g cos i (A-\-B) sin j (A-B) ^ j.^^^-. 

sin^ *- -* 
or 

smi(A^B) = ^ (a-^)sin^ j- . 
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210. ACCURATE COMPUTATION OF SMALL ANGLES. 

In a circle whose radius is 1 the arcs subtending small 
angles at the centre are very nearly equal in numerical 
value to the sines and to the tangents of those angles. 
The smaller the angle the more nearly equal are the arc, 
the sine, and the tangent. In other words, the ratio 

sine of A 
arc of A 

has a value but slightly less than 1, and the ratio 

tangent of A 
arc of A 

has a value but slightly greater than 1, when -4 is a small 
angle. 

211. These facts may be learned from the tables of 
natural functions,* or by computing a few values of the 
natural functions from their logarithms. 

Thus, with seven-place tables we find, 



ANGLE. 


ABO. 


snrB. 


TANGENT. 


1' 


0.00029 08882 


0.00029 08882 


0.00029 08882 


IC 


0.00290 8882 


0.00290 8878 


0.00290 8890 


W 


0.01745 3293 


0.01745 2406 


0.01745 5065 


\W 


0.02908 882 


0.02908 472 


0.02909 703 


120' 


0.03490 659 


0.03489 950 


0.03492 077 


ISC' 


0.05235 988 


0.05233 596 


0.05240 778 



If decimals beyond the fifth place are rejected, the differ- 
ences between the arc, the sine, and the tangent will not 
begin to appear until the angle reaches 60', and will not 
exceed a unit in the fifth decimal place before the angle 
reaches 120' or 2°. Even at 180' or 3° the differences 
remain quite small. 



* Log. Trig. Tab., pp. 48 and 142. 
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212. In a circle whose radius is 1, the length of the arc 
measuring 180° is n. The length of the arc measuring 1" 

is therefore tttttttt;;:--^, or 



180x60x60' ^ 648000* 
If the arc measuring any angle A be divided by the arc 
measuring 1", the quotient is the number of seconds in 
the angle A. Denoting this number of seconds by -4", 
we have 

.„ arc A arc -4 X 648000 n^oi 

A = — = .... [143] 

arc 1" n "• ■* 

213. The ratios 

sin A , tan A 
T and T 

arc A arc A 

are commonly used, not in these forms, but in forms ob- 
tained by multiplying each of them ^7 oaqc^c^' ^^ ^^^ ^''' 
This gives 

sin 4 X arc V ^ tan ^ X arc 1" 

arc A arc A ' 

which, reduced by [143] become 

sin A ^ tan A 

A" A'' ' 

214. Tables giving the values of 

log (?^) and log (*^) 

at convenient intervals have been prepared, and are to be 
found in most of the larger books of logarithmic tables. 
For a five-place table of this kind, see Log. Trig. Tab., 
p. 140. 
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215. For shortness put 
s = 

and 

T= 

Then 



=log(?^) [144] 

=log(*5^) [145] 



S = log sin A— 'log A" 
T=log tan -4— log A" 

whence 

log ^" = log sin ^—S [146] 

log^"=logtan^— T [147] 

two formulas for finding the angle very accurately when 
the logarithms of the functions are given ; and 

log sin ^ = log ^" + s [148] 

logtan^=log-4"4-T [149] 

two formulas for finding the functions very accurately 
when the angle is given. 

216. When the ratios r and ;;, because of 

arc A arc A 

the extreme smallness of the angle A, are extremely near 
1 in value, then the ratios 

sin A J tan^ 

A' A' 

are extremely near ^ToTwT, or arc 1", in value. The log- 
arithm of this value ( = log n - log 648000) is 6.68557 or, 
adding 10 to the characteristic, 4.68557. Therefore, for 
the smallest angles we have 8 = 4.68557 and T = 4.68557. 
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So slowly do the ratios change that the last figure of S 
does not change from 7 to 6 until the angle reaches 2409", 
nor from 6 to 5 until it reaches 3417", or nearly 1° ; and 
the whole change as the angle passes from 0° to 2° is 
from 4.68557 to 4.68549, a diminution of 0.00008. The 
change in the value of T is a little more rapid, the whole 
change as the angle passes from 0° to 2° being from 
4.68557 to 4.68575, an increase of 0.00018. See Log. 
Trig. Tab., p. 140. 

217. When tables of the values of S and T are not 
within reach, the following equations may be used to 
compute very closely any needed values : 

8 = 4.6855749 - ^ (10 - log cos ^) . . . . [ 150 ] 
T=4.6855749 + f (10-logcos^) . . . . [151] 

218. Examples. 

I. Given in a right triangle from its sine, as in Art. 49, the 

^ = 5612.85 and a =5612.09, to result would have been 

find the included angle. 

log cos B = 9.99994 

By [135] and [146] with the ^^^ 
special table for S, 

B anywhere from 66' to 69'. 

log (^ - a) = 9.88081 

colog2^ 5.94979 ^^' Given log tan ^ = 6.57840 

2)16^83060 *o fi^^d A. 

logsiniB= 7.91630 j^^ ^ ^ ^ ^^^^ 

S - 4^57 ^ ^ 4gggg7 

logi^" = 3.22973 i^g^. j;g^ 

i B" = 1697.2" 

B =66' 34.4" ^=78.13" or 1' 18.13" 

If B had been computed from By ordinary interpolation the 
its cosine, or, what is the same (less accurate) result would have 
thing, if A had been computed been 1' 22.8". 
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CHAPTER VIII. 

aSNEBAL PBOPEBTIB8 OF 8PHEBICAL TRIANGLES. 

219. A spherical triangle is the figure formed on the 
surface of a sphere by three arcs of great circles joining 
three points. 

Let A, B, and C be three points on the surface of a 
sphere. A plane passed through two of these points, as 
A and B, and the centre of the sphere cuts the surface 
in the circumference of a great circle. This circumfer- 
ence is divided by the points A and B into two arcs 
which, in general, are unequal, one being less and one 
greater than a semi-circumference. Likewise, the points 
B and O divide the circumference of the great circle 
passing through them into two arcs, one less and one 
greater than a semi-circumference ; and the same is true 
of the two points O and A. Thus there are six arcs of 
great circles joining the three points A, B, and C. Three 
of these arcs are less and three are greater than semi- 
circumferences. Any three of these six arcs forming a 
closed path from one point to another, from that to the 
third, and thence back to the first form a spherical tri- 
angle according to the definition. 

Among the different forms of spherical triangle thus 
included under the definition, there is one which has 
each of its sides less than a semi-circumference. This is 
the only form considered in geometry; and to this, for 
the present, our attention shall be limited. Later we 
shall see how the solutions of all other forms are related 
to the solution of this, the fundamental form. 

220. The sides of a spherical triangle are the measures 
of the angles A O B, B O C, and G O A, formed by the 



162 ELEMENTARY TRIGONOMETRY. 

radii drawn from the centre of the sphere to the vertices 
of the triangle. Accordingly, the sides are usually ex- 
pressed in angular measure, that is, in degrees, minutes, 
and seconds. 

^ 221. An angle of a spherical triangle is the angle 
formed by a pair of tangent straight lines drawn at a 
vertex of the triangle, one tangent in the plane of one 
great circle and the^ other in the plane of the other ; for, 
at the point of tangency, the sides of the triangle have 
the same directions as these tangents. 

222. The angles of a spherical triangle are the meas- 
ures of the wedge-angles formed by the planes of the 
sides; for a wedge-angle is measured by the angle be- 
tween two lines perpendicular to its edge at the same 
point, one in each face; and the two tangents forming 
the angle of the spherical triangle are two such perpen- 
diculars. 

223. Thus the relations between the sides and angles 
of a spherical triangle are the relations between the line- 
angles and the wedge-angles of a three-faced solid angle 
having its vertex at the centre of the sphere. 

224. The sides of a spherical triangle will be denoted 
by a, &, and c, and the angles hy A, B, and 0, 

THE FUNDAMENTAL FORMULAS. 

225. Let ABC be any spherical triangle whose sides 
and angles are each less than 180°, Figs. 66, 67, and 68. 
At A draw two tangents, one to the arc AB in its plane 
and one to A C in its plane. Through B and C prolong 
radii of the sphere to meet the tangents in B' and C. 
The angle B'AC between the tangents is the same as 
the angle A of the spherical triangle in Fig. 66, where 
the arcs AB and AG are each less than 90°; is equal to 
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Fiff. 66. 



A, being vertically opposite to it, in Fig. 67, where these 
arcs are each greater than 90°; and is equal to the sup- 
plement of A in Fig. 68, where one of the arcs is less, 
and the other greater, than 90°. The angle B' O C 
is measured by the side a of the spherical triangle in 
Figs. 66 and 67; but in Fig. 68, the angle B'OC is 
measured by the supplement of a. 

In the first two figures we have, by Art. 182, 



C'B'" = OC'* + OB'* — 2 0'X0B' cos a . . 

C^'* = AC"'" + AB'*— 2 AO'XAB' cos -4 . . 

By subtracting (ii) from (i) and observing that 



. (ii) 



OC'* — AO'* = OA* 
OB'* — AB'* = OA* 



we have 



0=3o a*+2ac'XAB' cos ^— 2oo'XOB' cos a 
or, dividing through by 2 O A x O A, 
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Fig. 67. 



^ ^ AC'xAB' ^^ . OO'XOB' ^^„ 
= 1 + ir-^ zr-T- COS ^ — ^ . ^ . COS a 



OA XOA 



OAxOA 



• • (ill) 



But in the right triangles O A C and O A B', by defi- 
nition, in Fig. 66, 

sin h 



OA 

OO' 
OA 



=tan^ = 



=sec6 = 



cos 6' 

1 

cos 6' 



O A cos 

1 



OB^ 
O A 



= sec c = 



cos & 



or, in Fig. 67, 



^ = tan (180°-^) 



sin (1 80^-5) 
cos (180° -6) 



sin h 
— cos b 



, etc. ; 



which substituted in (iii) give 

sin h sin c cos A 



= 1 + 



cos a 



cos h cos c 



cos h cos c 



whence 



cos a=cos h cos c + sin a sin h cos ./4. 
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Flff. 68. 



In Fig. 68 the reasoning is the same, but instead of A 
and a their supplements 180° - ^ and 180° -a are used, 
so that the equation (iii) has the form 

But by definition, 

^^' for. 7. sin^ AB' f^„ /10AO ^\ sin (180° -c) 
r--r-=tan6= -, -=— - =tan (1«0 —c) = )— — — -, 

O A nn.Q Ji OA ^ ^ f>ns II Sir — ^ » 



qo'_ , 1 



, ^ = sec(180°-c) = 



cos (180° -c) 

1 

cos (180° -c)' 



which substituted in (iv) give 

A^-l sin5sin(180°-c ) cos riSO^ - A) - ^'^^ ^^^^"^ ~ ^^ 
cos ^ cos (180° -c) ^ ^ cos ^ cos (180° -c) 

whence, as before, 

cos a = cos b cos c + sin b sin c cos A, 
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By a cyclic change of letters (Art. 173), we find two 
more equations, which, with the one just proved, com- 
pletely express one set of relations between the parts of 
a spherical triangle, thus : 



cos a=cos h cos c + sin h sin e cos A 
cos 5= cos c cos a+ sin c sin a cos B 
cos c = cos a cos b + sin a sin b cos C . 



[152] 



These are the fundamental equations of spherical trig- 
onometry. From them are or can be derived all other 
general equations relating to spherical triangles. 

226. The sines of the sides of a spherical triangle are 
proportional to the sines of the opposite angles. 

The equations expressing this theorem are thus de- 
duced from [152]: 

From the first and second of those equations, by addi- 
tion and subtraction, we have 

cos a+cos 6= (cos 6-f-cos a) cos c+(sin h cos -4 -f- sin a cos B) sin c 
cos a— cos 6= (cos 6— cos a) cos c+(sin h cos -A— sin a cos B) sin c 

whence, by uniting terms and factoring, 

(cos a+cos b) (1 — cos c) = (sin b cos -4 + sin a cos B) sin c 
(cos a— cos b) (1 + cos c) = (sin b cos ^ — sin a cos B) sin c 

The product of these two equations is 

(cos^ a— cos^ 6) (1— cos^ c)=(8in2 h cos^ A— sin^ a cos^ B) sin^ c 
or, dividing by the equal factors 1 — cos^ c and sin^ c, 
cos* a— cos* 5 = sin* b cos* -4— sin* a cos* B 

By replacing in this every cos^ by its equivalent 
1— sin^ we get 
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l-sin^ a-l + sin^ b^sm!" h (l-sin» ^)-sin2a (l-sin^ B) 
which reduces to 

0= —sin* h sin* -4 + sin* a sin* B 

sin* a sin* b 

or = 

sin* A sin*^ 

In the same manner can be deduced, from the second 
and third equations of [ 152 ], the equation 

sin* b _ sin* c 
sin*^""sin*C 

Combining these results, and taking the square roots, 
we have 

sin a sin b sin c 



sin A sin B sin C 



= M . , . [153] 



which expresses the theorem that was to be proved. 

The double sign ± for these square roots is not neces- 
sary ; because, when sides and angles are limited not to 
exceed 180°, the terms of each ratio and the ratios them- 
selves are all positive, and for all other forms of the 
triangle, as will be shown further on, the three ratios 
become positive or negative simultaneously. 

227. The common value of the three ratios is called 
the moduhcs of the spherical triangle. It is denoted by 
M. The modulus is positive when the sides and angles 
are limited not to exceed 180°; but, when this limitation 
is removed, the modulus of some triangles is positive 
and of others negative. 

POLES AND POLAB RADII. 

228. The diameter of a sphere which is perpendicular 
to the plane of a circle is called the axis of that circle, 
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and the ends of the axis are the poles of the circle. This 
applies to small as well as to great circles. For example, 
the north and south poles of the earth, regarded as a 
sphere, are the poles not only of the equator, a great 
circle, but also of the parallels of latitude, which are 
small circles. 

229. An arc of a great circle, drawn from the pole of 
a circle to any point of its circumference, is called the 
polar radius of the circle. The polar radius of a great 
circle is an arc of 90°, and of a small circle an arc of less 
than 90° or more than 90°. For example, the polar 
radius of the equator is a quadrant of the meridian ; and, 
from the north pole, the polar radius of any parallel of 
north latitude is less, and that of any parallel of south 
latitude is greater, than a quadrant. 

POLAR TBIANQLEB. 

230. Let A', B', and C be the poles of the sides a, b, 
and c of a given spherical triangle, so taken that the pole 
A' and the vertex A of the triangle are on the same side 
of the plane of a, the pole B' and the vertex B on the 
same side of the plane of 6, and the pole C and the ver- 
tex C on the same side of the plane of c. Then the three 
arcs of great circles joining the points A', B', and C form 
a spherical triangle, which is called the polar triangle in 
relation to the given triangle. 

231. Let the sides of this polar triangle be denoted by 
a', &', and c'. It is proved in geometry that, as the points 
A', B' and C are respectively the poles of a, 6, and c, so 
the points A, B, and C (vertices of the original triangle) 
are respectively the poles of a', 6', and c' ; that is, if one 
spherical triangle is polar to another, then, reciprocally, 
the second triangle is polar to the first. 
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The relations between the parts of a spherical triangle 
and those of its polar are thus expressed : 

a + ^' = 180° ^ + a' = 180°] 

^ + ^' = 180° ^+^' = 180° [ . . [154] 

where accented letters denote parts of the polar triangle 
232. The six quantities 

a', b\ c', A', B', C\ 

being the sides and angles of a spherical triangle, must 
satisfy the fundamental equations [152]; therefore their 
six equivalents taken from [154], namely, 

180° -^ 180°-^, 180°- (7, 180° -a, 180° -5, 180° -c, 

satisfy the same equations. 

The substitution of these last in the first equation of 
[152] gives 

cos (180°-^) = cos (180° -J?) cos (180°- C) 

+ sin (180°-^) sin (180°- C) cos (180° -a) 

which reduces to the first equation of the following set : 



cos ^ = — cos ^ cos (7+ sin B sin C cos a ' 
cos B= —cos C cos ^ + sin C sin A cos h 
cos (7= —cos A cos ^ + sin A sin ^ cos c . 



. [155] 



the second and third being obtained in like manner. 

The equations [155] express new relations between the 
parts of the original triangle. To describe the method of 
reasoning here used in finding these new relations, we 
say that equations [155] are obtained by applying [152] 
to the polar triangle. Are any new relations to be found 
by applying [ 153 ] to the polar triangle ? 
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233. But it is worth while to deduce [155] from [152] 
by a purely algebraic process, having no reference to the 
polar triangle nor to geometric considerations of any 
kind. The process is by elimination. First, eliminate h 
and c from the first and second equations of [152], and 
the result reduced is the first equation of [155]; next 
eliminate c and a from the second and third equations of 
[162] to get the second equation of [155] ; and lastly 
eliminate a and 6 from the third and first equations of 
[152] to get the third equation of [155]. It will be 
enough to give one of these eliminations. In the first 
and second equations of [152] substitute for cos c its 
equivalent, the second member of the third equation, 
whereby these equations become 

cos a = cos h (cos a cos 6 + sin a sin 6 cos C) + sin h sin c cos A 
cos h = cos a (cos a cos 6 + sin a sin 6 cos C) + sin c sin a cos B 

which reduce to 

cos a (1 — cos2 6) = cos 6 sin a sin 6 cos C + sin 6 sin c cos A 
cos 6 (1 — cos2 a) = cos a sin a sin 6 cos C + sin c sin a cos B 

or, by dividing the first through by sin &, and the second 
through by sin a, observing that 1 — cos^ h = sin^ h and 
1 — cos^ a = sin^ a, 

cos a sin h = cos b sin a cos (7+ sin c cos A 
cos b sin a = cos a sin b cos C+sin c cos B 

Now substitute in these equations for 

sin a, sin b, and sin c, 

their equivalents, 

M sin A, M sin B, and M sin C, 

taken from [153]. The results, divided through by the 
common factor M, are 
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COS a sin ^ = cos b sin A cos C+sin C cos A 
cos b sin A = cos a sin B cos C+sin C cos B 

from which it only remains to eliminate cos b. This is 
done by equating the two values of cos b taken from the 
two equations, thus, 

cos a sin ^ — sin C cos A cos a sin B cos (7+ sin cos B 
sin -4 cos C ~" sin -4 

and this equation reduces to 

cos a sin B — sin cos A = cos a sin B cos^ C + sin C cos B cos 
or 
cos a sin ^ (1 — cos^ C) — sin C cos A = sin C cos B cos C 
or 

cos a sin ^ sin O— cos A = cos -B cos C 
or 

cos w4 = — cos B cos 0+ sin B sin C cos a 

the first equation of [155]. 

The working out of the other two eliminations is sug- 
gested for an exercise. 

RELATIONS BETWEEN ANY FIVE PARTS. 

234. The fundamental equations [152] express rela- 
tions between an angle and the three sides of a spherical 
triangle; and the equations [155] derived from the fun- 
damental equations through the polar triangle express 
relations between a side and the three angles. Four parts 
enter into each equation. Equations [153] also express 
relations between four parts, two sides and the opposite 
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angles. We shall now develop the relations between any 
five parts, the three sides and two angles or the three 
angles and two sides. 

235. Let the first and second equations of [152] be 
combined by substituting in the first, for cos b, the right- 
hand member of the second, which gives 



cos a = (cos c cos a + sin c sin a cos B) cos c + sin 6 sin c cos A 



or 



cos a = cos^ c cos a + cos c sin c sin a cos £ + sin & sin c cos A 



or 



cos a (1 — cos^ c) = cos c sin c sin a cos £ + sin 6 sin c cos A 



or 



cos a sin c = cos c sin a cos ^+sin b cos A 



one equation of the kind required. 

Or, combine the same two equations by substituting 
in the second, for cos a, the right-hand member of the 
first, which gives, after reductions similar to the above, 

cos b sin c = cos c sin b cos A + sin a cos B 

In the same way, the second and third equations of 
[152] give two equations, and the third and first give 
two more. These six equations are 



cos a sm c • 
cos b sin c 

cos b sin a 
cos c sin a 

cos c sin b 
cos a sin b 



cos c sin a cos ^-f-sin b cos A 
cos c sin b cos A + sin a cos B 

cos a sin b cos C+sin c cos B 
cos a sin e cos ^ + sin b cos 

: cos b sin c cos ^ + sin a cos (7 
: cos b sin a cos C+ sin c cos A ^ 



. [156] 
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236. In like manner maybe derived from [156] the 
following set of six equations: 

cos A sin C= —cos C sin -4 cos ^ + sin J5 cos a i 
cos B sin 0= —cos C sin -5 cos a+ sin -4 cos b 

cos B sin A=— cos A sin B cos c + sin G cos b 
cos G sin A= —cos -4 sin Ocos ft + sin B cos c 

cos G sin -B= —cos ^ sin Ocos a+sin A cos e 
cos -4 sin -B= —cos B sin -4 cos c+ sin G cos a 



.tl57] 



The equations [157] may be derived from [166] 
directly, by applying the latter to the polar triangle. 

RELATIONS BBTWEEN ANY FOUR CONSECUTIVE PARTS. 

237. By four consecutive parts of a spherical triangle 
is meant any four parts that follow one another in pass- 
ing around the triangle, as A, c, B, a, or b, C, a, B, A set 
of six equations expressing relations between any four 
consecutive parts is derived from [156] by eliminating 
from each equation one of the sides, thus: 

Divide the first equation of [156] through by sin a, 
the second by sin 6, the third by sin 6, the fourth by 
sin c, the fifth by sin c, and the sixth by sin a, Eeplace 
the ratios, 

sin b sin a .^ 

sm a sm b 

thus produced in the right-hand members by their re- 
spective equivalents, 

sin B sin A , 

- — z, - — 5, etc. 

sm A sm B 

taken from [153], the results reduced are 
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cot a sin c = cos c cos -B+sin B cot A ^ 
cot b sin c = cos c cos -4 + sin A cot -5 

cot ^ sin a=cos a cos C+sin Ocot B 
cot c sin a=cos a cos 5 + sin ^ cot C 

cot c sin b = cos ^ cos A + sin A cot (7 
cot a sin 5 = cos b cos C+sin C cot -4" 



[158] 



238. If these equations be applied to the polar triangle, 
each equation will change into another of this same set, 
and no new relations are developed ; or, if we eliminate 
from each equation of [157] one of the angles, the result 
is [ 158 ] again, and no new relations are developed. 

TRANSFORMATIONS OF THE GENERAL EQUATIONS. 

239. The foregoing general equations are sufficient for 
the solution of all spherical triangles in which any three 
parts are given to find the other three; but with the 
exception of [153] they are not in convenient form for 
logarithmetic computation. It is the object of the fol- 
lowing transformations to make them so. 

240. In the first equation of [152] let cos -4 be replaced 
by its equivalent 1 — 2sin2 i Ay taken from [84-]. The 
result, reduced by [64] is 

cos a = cos (ft — c) — 2 sin b sin c sin^ i A , [ 159 ] 
From this equation, by division, we have 

sin« ^ j_c os(ft-c)-cosa 

2 sin b sin c 

the numerator of the second member of which is by [95] 
changed to the form 

2 sin i (a + b—c) sin ^ (a— 6 + c) 
SO that 
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• 2i. A , 8"^ i (a—b + e) sin j (a-^b—c ) 

Sin b sm c 



sm 



In the same way, from the second and third equations 
of [162] 

. a 1 ff_ ^^^ i (^ + ^— g) sii^ i (— a + 5 + c) 



sm c sin a 



i a 1 p sin^(— g + ^ + c) sin j (g— ^ + c) 
" sin a sin ft 



sm 



These equations are now in a form convenient for log- 
arithmic computation, but they are usually shortened by 
introducing a symbol 8, which is thus defined: 

8=^i (a+ft+c) 
whence 

8—a=i (— a + ft + c) 
8—b =i (a—b + c) 
s—c =^ (a + b—c) 

By substituting these equivalents and taking the square 
roots, the equations become 



[160] 






sin (s—b) sin (s—c) 
sin b sin e 



sin (s—c) sin (s—a ) 
sin c sin a 

in X (7= /sin (5— a) sin (g— ft ) 
\ sin a sin ft 



[161] 



241. Again, let cos A in the first equation of [152] be 
replaced by its equivalent — 1 + 2cos^ i A, taken from 
[83]. The result by [62] is 



NoTB. — The double sign ± before the radicals may be neglected 
when the formulas are applied to triangles whose sides and angles do 
not exceed 180^; otherwise it should be taken into account. 
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cosa=cos (6 + c) + 2 sin 5 sin c cos* ^^ . . . [162] 
whence 

2 sin 6 sin c 

By [95] the numerator of the right-hand member of 
this is changed to the form 

2 sin i (a+b+c) sin i (— a+i + c) 
so that 

cos« iA = ^^^i(<^'^^-^c)s mi(-a-\'b + c) 

sin b sin c 

Also in the same way 

cos^ i jg- si^ i (a-^-b+c) sin j (g—b+c ) 

sin c sin a 

^, ^ sin i (a + b-^c) sin i (a+b-^e) 

cos* * C= ^^ : — ' — : — f-^ 

^ sm a sm b 

By * substituting from [160] and taking the square 
roots these equations become 



cos 



cos 



cos 



J. j__ / sing sin (g—g) 
\ sin b sin c 

j^S^ h^T^ssin(s-b) 
\ sin c sin a 

i a=4/ sing sin ( £-;£) 
V sin a sin b 



[163] 



242. If each equation of [161] be divided by the cor- 
responding one of [163], the results are 



tan i j= /sin(.~^)sin(g-c) ' 

V sm 8 sin («— «) 

tan i 5=t/is5E3jia5Ei) 

V si] 



sin s sin (s—b) 



tan i C=J «in (^-«) «^ (^-^) 
T sm s am («— c) 



[164] 
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243. From [166], by steps precisely similar to the fore- 
going, and putting for shortness 



S=i( A+B+C) 
S-A=i(-A+B+C) 
S-B=i( A-B+C) 
S-C=i( A+B-G)] 



[166] 



may be derived sets of formulas for the sines, cosines, and 
cotangents of the halves of the sides, as follows : 



COS -4= —cos (B+ C)—2 sin B sin G sin* J a 



sini 



«=v 



—cos S cos (S—A) 
sin B sin C 



• 1 I /—cos /Scos (S—B) 

sm i 6 = -/ . ri ' A 

V sm (7 sm A 



in i ,^./-cos>Scos(^-(7) 
V sin -4 sin ^ 



sin 






cos 



cos 



cot 



cot 



cot 



1 . /cos (S-B) cos(S-C) 
^ V sin ^ sin O 

1 ^^. / cos (>S-G) cos (/S^^ 

V sin C sin ^ 

1 ^-. / cos(aS-^)cos(>S-F) 

V sin A sin ^ 

.,^ / cos(>S-^)cos(^-C) 

^ V -C0SaSC0S(/S-^) 

1 ^_. / COS (aS-G) cos (aS^^) 
^ V -COS ASfcos (.Sf-J?) 

1 . / cos (aS-^) cos (S^^) 
^ V -cos/S^cos (^Sf-O) 



« • 



[166] 



[167] 



cos ^=— cos (5— C) + 2 sin B sin (7cos*i o. . [168] 



. [169] 



• [170] 
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which is the first of Gauss's Equations. The second, third, 
and fourth are obtained by applying like reductions to the 
other three equations of the four above jgiven. 

sin i (A + B) cos j (a—b) 
cos i O ~~ cos i c 

sin j- (A—B) sin ^ (a—b) 
cos i C ~~ sin ^ c 

cos i (A+ B) cos j- (a + 6) 
sin i C "" cos i c 

cos j^ {A—B)%m ^ (a + b) 
sin ^ C ~~ sin ^ c 



■ [171] 



NAPIER'S ANALOGIES. 

245. Equations known as Napier's Analogies may be 
obtained from Gauss's Equations by dividing the latter 
one by another. They are as follows: 

sin i (A + B) _ tan j- c 
sin i (A'-B) ~tan ^ (a—b) 

cos i (A-{-B) tan j c 
cos^ (^— ^)~tan i (a+b) 

sin i (« + ^) _ cot ^ C 
sin -J (a— ^)~tan|-(^— ^) 

cos i (a-\-b) _ cot j- O 
cos i (a— ^)"'tan ^ (A-\-B) 



• [172] 



SPECIAL FORMULAS FOR SPHERICAL RIGHT-ANGLED 

TRIANGLES. 

246. When one of the angles of a spherical triangle is 
a right angle, some of the general formulas assume simple 
forms, which for convenience are here collected for refer- 
ence. When, for example, the angle C is 90°, and con- 
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sequently cos (7=0, the third equation of [152] becomes 

cos e = cos a cos b 

If (7=90°, and consequently sin (7= 1, equations [153] 
become 

sin a sin ft _ „. ^ 
-. — - = -T-— =smc 
sm A sm B 

whence 

sin a = sin (J sin -4 
sin b = sin c sin B 

If (7=90°, equations [155] become 

cos A = sin B cos a 
cos JB=sin -4 cos b 
0= —cos -4 cos ^ + sin -4 sin B cos c 

the last of which, by dividing through by sin A sin B 
becomes 

cos c=cot^ cot ^. 

If (7=90°, the last four equations of [158] become, 
after a little reduction, 

sin a = tan b cot B 
cos -B=cot c tan a 
cos A = cot c tan b 
sin 6= tan a cot -4 

247. Thus we have found ten simple equations by 
means of which any part of a spherical right triangle 
can be computed when two of the other parts are given. 
Using h instead of c to denote the side opposite the right 
angle, the equations are thus written in a convenient 
order for reference: 
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sin a- 
sin a 
sin b- 
sin b- 
cos -4: 
COS^: 
COS^: 
COS^ 

COS h- 
COS h- 



sin h sin A 
tan b cot J5 
sin h sin J5 
tan a cot A 
cos a sin B 
cot A tan 6 
cos b sin .4 
: cot h tan a 
cos a cos ft 
cot ^ cot B 



1 1 
2 
3 
4 
5 
6 
7 
8 
9 
10 J 



. . [173 ] 



NAPIER'S RULES. 

248. These ten equations [173] may be kept in mem- 
ory by means of two simple rules based upon an ingenious 
device first suggested by Baron Napier, the inventor of 
logarithms. The device is to take as parts the two legs 

a and 6 of the right triangle, the 
complements of the two oblique 
angles, that is 90°-^ and 90° -B, 
and the complement of the hypoth- 
enuse, 90° — h; and to regard these 
five parts as forming a ring around the triangle. The 
right angle is not taken into account. In this ring, any 
part may be taken as middle part; and then the two 
parts next to it, one on the right hand and one on the 
left, are called the adjacent parts, while the other two 
parts, not being next to it, are called the opposite parts. 
For example, if a is taken as middle part, co B and 6 are 
the adjacent parts, while co h and co A are the opposite 
parts ; or if co A is taken as middle part, 6 and co h are 
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the adjacent parts, while a and co -B are the opposite 
parts. 

These are Napier's rules: 

(i) The sine of a middle part is equal to the prodv^t of 
the tangents of the adjacent parts, 

(ii) The sine of a middle part is equal to the product 
of the cosines of the opposite parts,* 

To prove these rules, let them be applied to the spher- 
ical right triangle (Fig. 69), each of the five parts in turn 
being made the middle part. The results will be the ten 
equations [173]. For example, let a be the middle part 
By the first rule 

sin a=tan (co B) tan b 
or 

sin a=cot ^ tan b 

which is the second equation of [173]. 
By the second rule 

sin a=cos (co h) cos (co A) 

or 

sin a=sin h sin A 

which is the first equation of [173]. 

249. The general formulas for spherical triangles like- 
wise assume simple forms when one of the sides is a 
quadrant. Such triangles are called quadrantal triangles ; 
but they do not require special treatment. 



♦ The similarity in respect to vowels between the words tangents 
and adjacent, and between the words cosines and opposite^ may aid 
in remembering these rules. 
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INSCRIBED AND CmCUMSCBIBED SMALL CIRCLES. 

250. The geometrical meaning of some of the formulas 
of this chapter is analogous to that of the corresponding 
formulas for plane triangles. 

For example, let us put for abbreviation 



, __ / sin (s—a) sin (s^-b) sin (s^c ) 
\ sin 8 

Then the equations [164] become 

k 
tan J A=—, — ; -, etc. 

sm (8— a) 

Now suppose a spherical triangle to be drawn with 
a small circle of polar radius r inscribed in it and touch- 
ing its sides at D, B, and P. We easily see that the 
arcs 

AD = A F = s — a 

B E=B D = s — b 
O P = E = 5 — (J 

and that the angles A, B, and C are bisected by the arcs 
O A, OB, and O C, drawn from O, the pole of the in- 
scribed circle, to the angles of the triangle. Applying 
Napier's first rule to any of these right spherical tri- 
angles, as A O D, taking 

arc AD = 5 — a as middle part 

coangleOAD = co 1 ^ 1 j* ^ , 

° '^ y as adjacent parts 

arc OD=r J 

we have 

sin (5— a) = c')t i A tan r 
whence 
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tan i A = — 



tan r 



Comparing this with 



sin (s—a) 



k 



we discover that 



sin (s— a) 



tan r=A; 



or 



tan r- J ^^"^ ^^""^^ ^^^ ^^"^^ ^^^ ^^"^^ . . [1741 
\ sin s *■ -^ 

By means of this relation the equations [164] take the 
following symmetrical form: 



tan i A = — 



tan r 



sin (s—a) 
tan r 



tmic= .^y ^ 

sm («— (j) . 
251. If we put for abbreviation 



• • 



. [175] 



j^__ I cos (S—A) cos (S—B) cos (aS— ) 
^ —cos /S 



V- 



the equations [170] become 



cot |- a = 



K 



— , etc. 
cos (S--Ay 

Now let a small circle be circumscribed about the 
spherical triangle, and denote its polar radius by B. The 
arcs O A, OB, and O C drawn from the pole of this 
circle to the vertices of the triangle are each equal to 22; 
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and they divide the triangle into three isosceles triangles. 
Each of the isosceles triangles is divided into two equal 
right triangles by the arcs OP, O Q, and O B drawn 
from the pole of the circle perpendicular to the sides a, 6, 
and c respectively. The sides a, 6, and c are bisected at 
the points P, Q, and R. It is easy to prove that the 
angles 

P O = PB 0=aS'— ^ 
QAO = Q0O=^Sf— i? 
RB = RAO=aS— C 

Applying Napier's first rule to any of these right 
spherical triangles, as P C O, taking 



CO. angle P c o = co. (S—A) as middle part 

arc C P =i a 
CO. arc o c = co. i^ 



as adjacent parts. 



we have 

cos (aS— ^) =tan ^ a cot B 

whence 

«^4. 1 cot H 
cot * a = -v 

^ cos (S'-A) 
Comparing this with 

cot i a = -^ 

^ cos (S-A) 

we discover that 

cot E=K 

or 

cot E:=J ^^" ^^^^) ^^" (^-^^ ^^" (^-^) . . ri761 
V —cos S 
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By means of this relation the equations [ 170 ] take the 
following symmetrical form: 



cot i a = 
cot i 6= 



cot ^ <J= 



cot R 



cos (S^A) 

cot R 

cos (S-B) 

cot R 
cos(/S-(7), 



. . . . [177] 



THE MODULUS OF A SPHERICAL TRIANGLE. 



252. By [161] and [163] 



sin i ^= /sin (.-ft) sin (.-c) 
\ sin h sin c 



cos 



JL >i= /sin . sin (5—a) 
\ sin h sin c 

and by [77], 

sin ^ = 2 sin ^ ^ cos ^ ^ 

Therefore, by substitution in the latter, 



. ^ 2 \/ sin 8 sin {s—a) sin (s—b) sin (^—g) 

sm 6 sin c 



whence 



sin A sin ft sin c = 2 \/ sin « sin («— a) sin («— ft) sin («— c). 
But by [174] 



tan r sin s = ^ sin 5 sin («— a) sin (s— ft) sin («—<?) 

Therefore 

sin -4 sin ft sin c=2 tan r sin « . . . [178] 



X 
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Again by [167] and [169], 



sini-a=-*/- 



— cos S cos (S—A) 
sin B sin C 



V sin B sm C 

and, by [77], 

sin a = 2 sin ^ a cos ^ a 
Therefore, by substitution in the latter, 

gjj^ ^ ^ 2 V^ -cos ^ cos (S-A) cos (S-B) cos (/S- C) 

sin ^ sin (7 

whence 



sin a sin jB sin C=2 \/ — cos 5cos (5-^1) cos (S — B) cos (S — C) 

But by [176] 

cot JK COS aS'=^ —cos /S cos (S—A) cos (S—B) cos (/S— C). 

Therefore 

sin a sin ^ sin 0=2 cot JK cos ;S . . [ 179] 

Dividing [178] by [179], member by member, gives 

sin A sin b sin c _ tan r sin s 
sin a sin ^ sin C cot R cos ;S 

.r, since by [153] !|B^fMiE|=i, 
^ "" sm a sm i? 

sin g tan r sin ^ 
sin C~cot i?cos/S 

Therefore, M denoting the modulus (Art 227), 

^^tanrsin. 

cot ^ COS >S^ u J 



/ 
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CHAPTER IX. 

THE SOLUTION OF SPHERICAL BIGHT TRIANGLES. 

253. The given parts of a spherical right triangle, 
besides the right angle, may be: 

I. An- oblique angle and the hypothenuse, as A and h. 
II. An oblique angle and the opposite leg, as A and a. 

III. An oblique angle and the adjacent leg, as A and h» 

IV. The hypothenuse and one leg, as h and a, 
V. The two legs a and h, 

VI. The two oblique angles A and B, 

254. The formulas for solution in each case are selected 
from [173], or they are remembered by means of Napier's 
Rules. Each formula should connect one required part 
with two given parts. When the functions of the three 
required parts have been computed, the work may be 
tested by means of an equation selected from [173]. One 
of these computed functions is always equal to the prod- 
uct of the other two ; so that, if logarithms are used, one 
logarithm is always equal to the sum of the other two. 

255. In the examples that follow, the given parts do 
not exceed the limit 180°, but results exceeding this 
limit are not rejected. On the contrary, they are retained 
and interpreted ; and thus it is shown that the problem 
always has two solutions. Each computed part has two 
values between 0° and 360° ; and the question to be set- 
tled is, which of these values belong together as the parts 
of one triangle, and which as parts of the other. The 
answer comes from two equations, selected from [173], 
or given by Napier's rules, each of which presents a func- 
tion of a given part as equal to the product or to the quo- 
tient of functions of two required parts. The positive or 



\ 
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negative character of this product or quotient being thus 
known, it is only necessary to select the computed values 
of the required parts in such quadrants as to make the 
algebraic signs of their functions alike or unlike accord- 
ingly. This will be illustrated in detail under each case. 

I. 

256. In a spherical right triangle, given A and h, to find 
a, 6, and B, 

By [ 173 ] or Napier's rules. 

For solution, 

sin a = sin -4 sin A- (i) 

tan ft = cos A tan h (ii) 

cot -B= tan -4 cos A (iii) 

aa=180°-ai 
5, =180° + 6i 
^,=180° + ^i 

For a test, 

sin a=tan 5 cot ^ ..... (iv) 

For discriminating between values, 

«;« 2. _tan a z^v 

sm = 7 ....... ( V ) 

tan^ ^ ^ 

_• "n cos jA. / . \ 

sm ^= (vi) 

cos a 

257. The first equation gives two values of a, each less 
than 180° ; for, since A and h are limited to the first two 
quadrants, both sin A and sin h are positive, making sin a 
positive, thus limiting a to the first two quadrants. These 
two values of a, having the same sine, are supplements of 
each other. The second equation gives two values of 6 
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which differ by 180° ; for tan 6 = tan (6 + 180°). Also the 
third equation gives two values of B which differ by 180°. 
By the fifth and sixth equations, we see that when a is 
taken in the same quadrant (first or second) with the 
given Ay making the algebraic signs of tan a and tan A 
also of cos a and cos A alike, then sin h and sin B are 
both positive, so that h and B must be taken in the first 
or second quadrant; but when a is taken not in the same 
quadrant with the given A, making the algebraic signs of 
tan a and tan A also of cos a and cos A unlike, then sin h 
and sin B are both negative, so that h and B must be 
taken in the third or fourth quadrant. One triangle, 
therefore, contains that value of a which is in the same 
quadrant with the given A and the values of h and B 
which do not exceed 180°, while the other triangle con- 
tains the other values. 

268. The geometrical solution of the problem gives the 
same results. It is made on the surface of a globe as 
follows: Draw two great-circle arcs forming an angle 
equal to the given value of A ; on one side of this angle 
measure off A B equal to the given value of A, but extend 
the other side, 6, to form a complete circumference ; per- 
pendicular to h and passing through the point B, draw a 
semi-circumference meeting h at two diametrically oppo- 
site points Ci and Cj. Thus are formed two spherical 
right triangles A d B and A Cj B, each containing with 
the given parts a dififerent value of each required part. 
The two values of a are the arcs Ci B and 0% B, which 
together form a semi-circumference. The two values of h 
are the arcs A Ci and A C,, the latter exceeding the for- 
mer by a semi-circumference. The two values of B are 
A B C^ and ABC,, the latter being a convex angle ex- 
ceeding the former by 180°, 
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259 ■ Bzamples. 
1. Given A = 110° 39', and h = 63° 29'. 

By three-place natural functions. (See Table I, page 9.) 

(i) sin a= 0.936x0.895= 0.838, a= 56° 54' or 123° 0' 

( ii ) tan 6 = - 0.352 x 2.005 = - 0.706, h = 144° 47' or 324° 47' 

( iii ) cot J5 = - 2.655 x 0.446 = - 1.184, B= 139° 49' or 319° 49' 

The value of a which is in the same quadrant with the 
given ^ is 123° 6'; so that 

a =123° 6' 
b = 144° 47' 
^=139^49' 

are the required parts of one triangle, and 

a= 66° 54' 
b =324° 47' 
^=319° 49' 

are the required parts of the other triangle. 

By Jive-place logarithmic functions. (See Log. Trig. 
Tab.) 

(i) (ii) (iii) 

A = 110° 39' log sin 9.97116 log cos 9.54735 n log tan 10.42381 n 
h = 63° 29' log sin 9.95173 log tan 10.30195 log cos 9.64978 
log sm 9.92289 log tan 9.84930 n log cot 10.07359 n 

9.84930 
Test, 9.92289 

Besults, 



a =123° 8' 30" 
b = 144° 44' 49" 
B = 139° 49' 53" J 



a = 56° 51' 30" 

or ib = 324° 44' 49" 

B = 319° 49' 53" 
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2. Given A = 72° 14', and A = 57° 38'. 
Besults, 



a =53° 32' 53" 
b =25° 42' 30" 
^=30° 54' 6" 



or 



a =126° 27' 7" 
b =205° 42' 30" 
-5=210° 54' 6" 



3. Given A = 59° 32', and A = 124° 15'. 
Besults, 



a= 45° 26' 9" 
^ = 143° 19' 32" 
^=133° 44' 0" 



or 



f a = 134° 33' 51" 
b =323° 19' 32" 
^=313° 44' 0" 



4 Given A = 132° 42', and h = 128° 24'. 
Results, 



a =144° 50' 0"1 
b = 40° 33' 2" 
B= 56° 3' 18" 



or 



f a = 35° 10' 0" 
b =220° 33' 2" 
I ^ = 236° 3' 18" 



II. 

260. Given A and a, to find h, 6, and B. 
By [173] or Napier's rules. 
For solution. 



sin A = CSC -4 sin a (i) 

sin ft = cot ^ tan a (ii) 

sin -B = cos ^ sec a (iii) 

h^ =180°-Ai 

ft, =180°-fti, or 540°-fti 

-B, = 180° - -Bi , or 540° - J?i 



For a test> 



sin b = sin B sin A 



(iv) 
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For discriminating between values, 

^^^ T COS h / X 

coso = (v) 

cos a 

cos^=^?£-^ (vi) 

tan A ^ ^ 

261. The first equation gives two supplementary values 
of h, each of which is less than 180°, because, the given 
parts being limited (A < 180° and a < 180°), both esc A 
and sin a are positive, making sin h positive, thus limit- 
ing h to the first two quadrants. The second equation 
gives two values of b, each of which is less than 180° 
when A and a are in the same quadrant, making sin b 
positive; but each is greater than 180° when A and a are 
in different quadrants, making sin b negative. The same 
is true of the two values given by the third equation. 

By the two equations chosen to discriminate between 
values, we see that when h is taken in the same quadrant 
(first or second) with the given a, the algebraic signs of 
cos h and cos a, also of tan h and tan a, are alike, so that 
cos b and cos B are both positive, limiting b and B to the 
first and fourth quadrants ; but when h is taken not in 
the same quadrant with a, the algebraic signs of cos h 
and cos a, also of tan h and tan a, are unlike, so that 
cos b and cos B are both negative, limiting b and B to 
the second and third quadrants. This makes the deter- 
mination of b and B complete, since it is already known 
whether each of them is less or greater than 180°. 

262. The geometrical solution of this problem is as 
follows : Draw two great-circle arcs b and h forming an 
angle equal to the given value of A; extend b to form 
a complete circumference, and h to form a semi-circum- 
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ference meeting b again in a point diametrically opposite 
A. From the pole of S, and with a polar radius equal to 
the difference between the given value of a and 90°, draw 
a small circle ; the circumference of this small circle will, 
in general, cut the semi-circumference h in two points 
Bi and B«. Through these points, if a is less than 90°, 
draw polar radii to meet h in two points Ci and C« ; but, 
if a is greater than 90**, draw polar radii from Bi and B, 
to and through the pole of h to meet h in two points d 
and Cj. Thus, in either case, are formed two spherical 
right triangles A Bi Ci and A B^ Cs, each containing with 
the given parts a different value of each required part. 
The two values of A are A Bi and A Bs , which are evi- 
dently supplementary. The two values of h are A Ci and 
A C« , which are either both less or both greater than a 
semi-circumference. The two values of B are A Bi Ci and 
A B« C2 , which are either both less or both greater than 
two right angles. 

263. If the given value of a differs from 90° less than 
does the given value of A, the equations for solution give 
sin A > 1, sin 6 > 1, and sin -B> 1, so that the solution is 
impossible. The corresponding fact in the geometrical 
construction is that the polar radius is too short to reach 
the semi-circumference A, so that the two points Bi and 
Ba cannot be found. When a and A dififer equally from 
90°, the first formula gives sin A = 1, and the two solu- 
tions become one. Geometrically, in this case, the polar 
radius just reaches the semi-circumference A, so that the 
points Bj and B, fall together in the same place. Illus- 
trations of these special cases occur among the examples. 
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264 ■ Bzamples. 

1. Given A = 125° 40', and a = 48° 54'. 

By natural functions, 

(i)sin^= 1.231x0.754= 0.928, h= 68° 9'orlll°5r 

(ii) sin * = - 0.718 x 1.146 = - 0.823, b = 235° 24' or 304° 36' 

(iii) sin^= -0.583 x 1.521= -0.887, ^=242° 30' or 297° 30' 

The value of h which is in the same quadrant with a, 
making the cosines of b and B positive, is 68° 9'; and 
the values of b and B are then in the fourth quadrant. 
Hence the results are to be arranged thus : 



h= 68° 9'1 
b = 304° 36' 
-5=297° 30' 



A =111° 51' 

or ib = 235° 24' 

^=242° 30' 



2. Given A = 119° 30', and a = 139° 40'. 
By logarithmic functions. 



^=119° 30' 
a=130<»4O' 



(i) 

log CSC 30.06030 
log sin 9.811 06 
log sin 9.87136 



(ii) 

log cot 9.76264 n 
log tan 9.92894 n 
log sin 9.68168 



Eesults, 

h = 131° 57' 27" ^ 
b = 28"^ 42' 37" 
B= 40° 14' 20" 



(iii) 

log cos 9.69234 n 
log sec 0.11788 71 
log sin 9.81022 
9.87136 
Test, 9.68168 



h = 48° 2' 33" 

or ib = 151° 17' 23" 

B = 139° 45' 40" 



3. Given A = 74° 35', and a = 61° 22'. 

Eesults, 

A =65° 34' 10" 

b = 30° 20' 11" ' or 

2? = 33°41'35". 



h = 114° 25' 50" 
b =149° 39' 49" 
^ = 146° 18' 25" 
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4 Given A = 68° 36', and a = 119° 20'. 

Results, 

h = 110° 33' 24" 1 r A = 69° 26' 36" 

or 



b = 315° 46' 55'' 
^ = 311°5r 21" 



b =224° 13' 5" 
^=228° 8' 39" 



5. Given ^ = 65°, and a = 75°. 

Results, 

sin A > 1, sin 5 > 1, sin -B > 1, impossible. 

6. Given A = 124°, and a = 112°. 

Results, 

sin A > 1, sin ft > 1, sin ^ > 1, impossible. 

7. Given .4 = 43°, and a = 43°. 

Results, 

A = 90°, ft = 90°, -5=90°. 

8. Given A = 43°, and a = 137°. 

Results, 

A =90°, ft =270°, 5=270°. 

III. 

265. Given A and ft, to find a, h, and B. 

By [ 173 ] or Napier's rules, 

For solution, 

tan a =tan ^ sin ft (i) 

cot h =cos A cot ft (ii) 

COS 5= sin ^ cos ft (iii) 

a2=180° + ai 
A2=180° + Ai 
5,=360°-5i 
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For a test, 

tan a cot h= cos B (iv) 

For discriminating between values, 

sin a sin 6 . , / x 

- — T=-^ — = = sinA (v) 

sm -4 sm ^ 

266. Each equation for solution gives two values of a 
required part, one less and one greater than 180°. The 
equations (v) chosen for discriminating between these 
values show that the three values which are less than 
180** belong together, since they make each member of 
those equations positive; and the three values which 
exceed 180° belong together since they make each mem- 
ber negative. 

267. The geometrical construction is made by drawing 
a great-circle arc A C equal to the given value of b ; con- 
structing at C a right angle, and at A an angle equal to 
the given value of A ; then extending the sides of these 
angles until they cross twice, in points B^ and Ba diamet- 
rically opposite each other. Thus are formed two spher- 
ical right triangles AB^C and AB2C, each containing 
with the given parts a different value of each required 
part. The two values of a are CB^ and CBj, the latter 
exceeding the former by a semi-circumference. The two 
values of h are ABi and ABi, the latter exceeding the 
former by a semi-circumference. The two values of B are 
one at Bi less than 180° and one at Ba greater than 180°. 

268. Bzamples. 

1. Given A = 37° 40', and b = 42° 20'. 

Results, 

a = 27° 28' 6" ] [ a = 207° 28' 6" 

A =49° 0'46"[ or j 7i =229° 0' 46" 
^ = 63° 8' 43" J 1^ = 296° 51' 17' 
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2. Given A = 135^ 27', and J = 74^ 18'. 
Besults, 



a = 136^ 32^ 17" 
A =101° 19^38" 
B= 79° 3' 24" ] 



or 



fa =316° 32' 17" 
A =281° 19' 38" 
I ^=280° 56' 36" 



3. Given A = 67° 25', and b = 138° 52'. 

Besults, 

a= 57° 41' 46" 

A =113° 44' 7" ► or 

^=134° 3' 42" 



a =237'' 4:1' ^'' 
A =293° 44' 7" 
^ = 225° 56' 18" 



4. Given A = 124° 20', and b = 112° 40'. 
Eesults, 

a =306° 30' 28" 



a =126° 30' 28"] 

h = 76° 44' 45" [ or 

^ = 108° 33' 21" J 

IV. 



h = 256° 44' 45" 
I -5=251° 26' 39" 



269. Given h and a, to find ^, b, and j5. 

By [173] or Napier's rules. 

For solution, 

sin ^=cse A sin a ...... (i) 

cos b =cos h sec a (ii) 

cos ^=cot A tan a (iii) 

^2=180°-^! 
^,=360°- bi 
5,=360°-^i 



For a test, 



sin A cos 6=cos B . 



(iv) 
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For discriminating between values, 

* y tan a / v 

sm5 = (v) 

tan^ ^ ^ 

sin ^=521^ (vi) 

cos a 

270. The first equation gives supplementary values of 
A, each less than 180°. The second and third give one 
value less, and one value greater than 180° of b and of B, 
From the discriminating equations it appears that the 
values of b and B which are less than 180° are to be 
taken with that value of A which is in the same quad- 
rant (first or second) with the given a. 

271. The geometrical construction is as follows: Draw 
two great-circle arcs forming a right angle ; on one side of 
which mark off C B equal to the given value of a, and 
extend the other side b to form a complete circumference. 
This circumference will, in general, be cut in two points 
Ai and A2 by the circumference of a small circle drawn 
from the point B as a pole and with a polar radius equal 
to the given value of h. Thus are formed two spherical 
right triangles Ai B C and A« B C, each containing with 
the given parts a different value of each required part. 
The two values of A are found at Ai and at Aa, the angle 
at the latter point being the supplement of that at the 
former. The two values of B are the angle less than 
180° between the arcs B C and B Ai and the angle 
greater than 180° between the arcs BC and B Aj. The 
two values of b are the arc C Ai less than a semi-circum- 
ference and the arc CAa greater than a semi-circumfer- 
ence. 

272. From this construction it is evident that the prob- 
lem is impossible when, a being less than 90°, h is less 
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than a or greater than 180® — a; and also when, a being 
greater than 90**, h is greater than a or less than 180° — a. 
Illustrations occur among the examples. 



273. 



1. Given A =68° 37', and a = 43° 25'. 
Besults, 



^ = 47° 34' 15"! 
6=69° 52' 16" 
-5=68° 15' 15" 



or 



^=132° 25' 46" 
5 = 300° r44" 
I -5=291° 44' 45" 



2. Given A = 108° 45', and a = 49° 20'. 
Besults, 



^= 53° 13' 36"! 
6=119° 33' 19" 
^=113° 16' 23" 



or 



f -4 = 126° 46' 24" 

6 = 240° 26' 41" 

-5=246° 43' 37" 



3. Given h = 40°, and a = 150°. 

Kesults, 

^ = 128° 66' 6" 
6=152° 11' 43" ' or 
-5=133° 28' 37". 

4. Given h = 100°, and a = 150°. 
Kesults, 



^= 51° 3' 54" 

6=207° 48' 17" 

^=226° 31' 23" 



^=149° 29*17" 

i= 78° 26' 69" 

B= 84° 9*26". 


or 


r /!= 30° SC 43" 

6=281° 34' 1" 

. 5=276° 60' 36" 


5. Given h= 50^ aj 
orA = 120°, ai 
orA = 150°, ai 
or A = 40°, ai 


ttd a- 7 
ida= 7 
ad a = 13 
ad a = 13 


0°; 
0°; 
0°; 

0°. 
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Results, sin -4 > 1 ; cos b either greater than 1 or less 
than — 1; cos B either greater than 1 or less than — 1. 
All these triangles are impossible. 

6. Given A = 65°, and a = 115°. (Supplementary val- 
ues.) 



Results, 






sin -4=1 


cos 6= —1 


coaB= —1 


^=90° 


6=180^ 


-5=180° 



The small circle of polar radius h and pole B touchss 
the circumference of the great circle 6 at a point diamet- 
rically opposite to C ; here the two points Ai and A2 fall 
together, and the two triangles become one , and this is 
a lunary surface covering a half of the hemisphere. 

7. Given A = 70°, and a = 70°. (Equal values.) 

Results, 

sin -4 = 1 cos 5 = 1 cos 5=1 

A = W 5 = 0° or 360° 5=0° or 360° 

The small circle touches at C. One triangle is reduced 
to the arc C B ; the other covers the whole hemisphere. 

V. 

274. Given a and J, to find A, -4, and B. 

By [ 173 ] or Napier's rules. 

For solution, 

cos A = cos a cos 6 (i) 

cot -4 = cot a sin 6 (ii) 

cot 5 = sin a cot 5 (iii) 

^2=360°-^! 

^2= 180° + A 
52=180° + 5i 
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For a test, 

cot ^ cot J5=cos A (iv) 

For discriminating between values, 

sin a sin b 



sin A sin B 



= sinA (v) 



275. Each equation for solution gives two values of a 
required part, one less and one greater than 180°. The 
equations chosen for discriminating between these values 
show that the three values which are less than 180° be- 
long together, since they make each member of those 
equations positive. The other three values make each 
member negative. 

276. The geometrical meaning of these results is that 
when the two arcs a and h have been drawn forming a 
right angle at C, their other ends, B and A are joined 
either by an arc less than a semi-circumference or by an 
arc greater than a semi-circumference, the two arcs to- 
gether making the whole circumference through A and B. 
In the first triangle the angles at A and B are each less 
than 180° ; and in the second triangle they are each 
greater than 180°, being equal to those of the first tri- 
angle with 180° added to each. 

277. Examples. 

1. Given a = 62° 14', and 6 = 74° 26'. 
Besults, 

;'23" ' 
j5 = 76° 9' 9". 



h =82° 49' 5" ' ' ^ -o^^o -.A/ erer// 

A = 63° 6' z-6" Y or 



A =277° 10' 55' 
^ = 243° 6' 23" 
I J? =256° 9' 9" 
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2. Given a = 58° 32', and 6 = 127° 43'. 
Besults, 



h = 108° 37' 22^' \ 
A= 64° 10' 4" 
^=123° 24' 36" 



or 



f^ =251° 22' 38" 
^ = 244° lO' 4" 
I ^=303° 24' 36" 



3. Given a = 130°, and b = 130°. 
Results, 



h= 66° 36' 43"] 




[A =294° 24' 17" 


^=122° 43' 66" 


or 


- ^ = 302° 43' 66" 


£=122° 43' 66" J 




I 5=302° 43' 56" 



VI. 

278. Given A and B, to find A, a, and b. 

By [173] or Napier's rules, 

For solution, 

cos A = cot -4 cot ^ (i) 

cos a = cos -4 CSC B (ii) 

cos 5 = CSC -4 cos -^ (iii) 

Ag=360°-Ax 
a2=360°-a, 
^2 = 360°-^, 



For a test, 



cos a cos 5 = cos A (iv) 



For discriminating between values, 



sin a sin b 
sin A " sin B 



= sinA (v) 
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279. Each equation for solution gives two values of 
a required part, one less and one greater than 180**. 
The discriminating equations show that the three values 
which are less than 180° belong together. 

280. The geometrical meaning of these results is this : 
When the arcs h, a, and b, each being less than a semi- 
circumference form a triangle containing the given angles 
A, B, and C, the arcs 360° - A, 360° - a, and 360° - S, join 
the vertices of this same triangle forming angles which 
are vertically opposite A, B, and C, respectively, and 
therefore equal to them. 



281 1 Bxamples. 

1. Given A = 52° 17', and B= 121° 28'. 



Kesults, 



A=118° 14' 65" 
a= 44° 10^25" 
b = 131° ir 28" . 



or 



A=241M5' 5" 
a = 315°49'35" 
U =228° 42' 32" 



2. Given A = 117° 46', and 5 = 105° 34'. 



Eesults, 



A= 81° 33' 67" 
a = 118° 55' 18" 
b = 107° 30' 18" 



or 



fA = 278°26' 3" 
a = 241° 4' 42" 
I 6 =252° 20' 42" 



3. Given ^ = 90°, and jB = 50°. 
Besults, 



^ = 90° 




^ = 270° 


a = 90° ' 


or 


a = 270° 


«»=50° 




b = 310° 
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CHAPTEE X. 

THB SOLUTION OF SPHEBICAL OBLIQUE TBIANQLES. 

282. The given parts of a spherical oblique triangle 
may be: 

I. Two sides and the included angle. 
II. Two angles and the included side. 

III. Two sides and the angle opposite one of them. 

IV. Two angles and the side opposite one of them. 
V. The three sides. 

VI. The three angles. 

. 283. The problem always has two solutions; that is, 
there are always two triangles each of which contains 
with the given parts a different value of each required 
part. In the examples that follow, the given parts are 
limited not to exceed 180°, but results exceeding that 
limit are retained and interpreted. 

I. 

284. Given two sides and the included angle, a, b, 
and C, 

The geometric construction on a globe is as follows: 
Draw two great-circle arcs, equal to the given a and b 
respectively, forming with each other an angle equal to 
the given C; and join the ends B and A of these arcs 
either by an arc Ci less than 180° or by an arc C2 greater 
than 180°. The angles Ai and Bi formed by Ci with b 
and a, are each less than 180°; but the angles A^ and B2, 
formed by c^ with b and a, are each greater than 180°, 
being equal respectively to A^ + ISO^ and 5i+180°. 
This construction is always possible; for, when arcs OB 
and C A of any lengths whatever, and forming at C any 
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angle whatever have been drawn, it only remains to draw 
the circumference of a great circle through the two points 
B and A, which can always be done. 

285. First Method. By the fundamental equations 
[168] slightly changed in form, and [152], 

cos a sin ft— sin a cos b cos C 



cot^ = 



cot 5 = 



sin a sin C 
sin a cos ft— cos a sin ft cos G 



sin ft sin C 
cos c=cos a cos ft + sin a sin ft cos C 

^2=180° + ^! 

^2=360°- Ci 

Which of these values belong together as parts of one 
triangle and which as parts of the other is decided by 
means of the equations 

sin asin ft sin e 
sin A ~ sin B "" sin C 

The computed values of A, B, and c, which, with the 
given values of a, 6, and (7, make each of these ratios 
positive, belong to one triangle, and those which make 
each ratio negative belong to the other triangle. In 
other words, one triangle has a positive, the other a nega- 
tive modulus. 

286 . Examples. 

1. Given, one side = 119°, another = 116°, and the in- 
cluded angle = 133°. 

By Table I. (p. 9), 

a =119° sin a =0.875 . cos a= -0.486 
ft = 116° sin ft = 0.899 cos ft= -0.438 
C=133° sin 0=0.731 cos (7= -0.682 
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By substitution in the equations, 

^^t ^ (-0.486)(0.809)-(0.876)(-0.438)(^.682) ^ ^ 

"■ (0.876) (0.731) 

cot B (0-875)(-0.438)-(-0.486)(0.809)(-0.682) __ _j ^g^ 
~ (0.899)(0.731) 

cos c=(-0.486)(-0.438)+(0.876)(0.899)(-0.682)= -0.324 

Whence 



^=137° 28') 
^=136*^ (f 
c = 108^53' 



^ = 317° 28' 

or \ ^=316° C 

c=25r T 



For results obtained by five-place logarithms, see p. 208, 
and p. 213. 

2. Given, one side = 112**, another = 80°, and the in- 
cluded angle = 76°. 

Besults, 

^=114^26'] f ^ = 294^26' 

B^ 75° ly [ or ] ^ = 255° ly 

c= 8r O'J I c=279° 0' 

For results obtained by five-place logarithms, see p. 209. 

287. Second Method. A convenient method for log- 
arithmic computation is based on the Gaussian Equa- 
tions [171], which, by taking the logarithms of each 
term, may be written thus: 

( i ) log sin \ (-4+1?) -I- log cos \ c=log cos i (a— 6)+ log cos i C 
( ii ) log sin \ (-4— l?)H-log sin \ c=log sin i (a— 6)+log cos | C 
( iii ) log cosi (-4H-l?)H-log cos \ c=log cos \ (a+6)H- log sin \ C 
( iv ) log cos i (-4— l?)H-log sin | c=log sin i (aH-6)H-log sin ^ C 

In the second members are found only given quanti- 
ties, and in the first members only required quantities. 
How to find the values of the latter by combining these 
equations will be shown by examples. 
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288 • Bzamples. 

1. Given, one side = 119°, another =116°, and the in- 
cluded angle = 133°. 

a =119° 
5 = 116° 
C= 133° 

i(a + b) = 117° 30' log sin 9.94793 (i) 

log cos 9.66441n (2) 

^ (a - J) = 1° 30^ log sin 8.41792 (8) 

log cos 9.99985 (4) 

i C= 66° 30^ log sin 9.96240 (5) 

log cos 9.60070 (6) 

( i ) log sin i(A'\-B) + log cos i c = 9.60055 (7) = (4) + (e) 

( ii ) log sin ^ (^ - ^) + log sin | c = 8.01862 (8) = (8) + (6) 

( iii ) log cos i(A'\-B) + log cos | c = 9.62681« (9) = (2) + (6) 

(iv) log cos I (A-B) + log sin i c= 9.91033 (io)=(i)+(6) 

log t3Jii(A-\-B) = 9.97374» (ii) = (7)— (9) 

logtan|(^-^) = 8.10829 (i2)=(8)-(io) 

log cos i (-4 + j5) = 9.8622271 (18) 

logG08i(A-B) = 9.99996 (14) 

log cos i c= 9.76459 (15)=(9) — (18) 
log sin I c= 9.91037 (i6)=(io)-(i4) 
log tan i c=10.14578 (17)=(16)-(15) 

i(A + B) =136° 43' 53" 
i (A-B) = 0°44' r 
io = 54° 26' 27' 

^1=137° 28' 0" ^8=317° 28' 0" 

Bi = 135° 59' 46" B^ = 315° 59' 46" 

ci=108°52'64" C8=251° 7' 6" 

Test: 

log sin a, ^c, 9.94182 9.95366 9.97598 

log sin Ay B, C, 9.82996 9.84180 9.86413 
log sin modulus, 0.11186 0.11186 0.11185 



r// 
rrt 
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• 

The course of the computation is indicated by the ref- 
erence figures at the right. Numbers (1) to (6) are log- 
arithms taken out of the table. Numbers (7) to (10) are 
the results of adding these logarithms two and two in 
the order indicated ; and are, therefore, the second mem- 
bers of the equations (i), (ii), (iii), and (iv) respectively. 
Numbers (11) and (12) result from subtracting the mem- 
bers of (iii) from those of (i), and those of (iv) from those 
of (ii). With (11) and (12) we turn to the table and take 
out the values of i (A + B) and i (A — B), also, at the 
same places, numbers (13) and (14), or log cos i (A + B) 
and log cos i (A — B). These last subtracted from (9) 
and (10) respectively, give numbers (16) and (16) from 
which or from whose difference, number (17), the arc 
i c is found. 

The results of this computation give one set of values 
for Ay By and c, namely, those which do not exceed 180°. 
The values of ^2> -^2> ^^d ^2> the parts which exceed 
180^, are easily found from their geometric relations to 
^\> B\y<^\' For these relations, see Arts. 284 and 285. 

To test the computation, we take out the log sines of 
a, b, and c, also of ^, B, and C; and subtract the last 
three from the first three respectively, thus finding the 
log of the modulus three times, independently. 

2. Given, one side = 112°, another = 80°, and the in- 
cluded angle = 76°. 

Besults, 



^=114° 23' 17"! 
B= 75° 19' 27" 
c= 81° 2' 4" 



or 



^ = 294° 23' 17" 

-5=255° 19' 27" 

c = 278°57'56" 



289. Third Method. Another method for logarithmic 
computation is based on Napier's Analogies [172], which, 
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by taking the logarithm of each term, may be written 
thus: 

(iv) log tan ^ {A-\-B)=\o% sec i (aH-6)+log cos i (a— 6)+log cot i C 
(iu) log tan \ (A-'B)=\og esc i (a+6)H-log sin \ (a-6)+logcoti C 
(ii) log tan \ c=logcos i (-4+J5)+log sec i (-4— JB)H-log tan | (a+6) 
(i) log tan \ c=log sin i (^+JB)+log esc i (-4— JB)+log tan \ (a—b) 

The second members of (iv) and (iii) contain only 
known quantities, so that their first members give 
i (A + B) and i {A — B), and thence A and B, When 
the value of i {A + B)\b taken out of the table, its log 
cos and log sin are taken out also; and when that of 
i {A — B) \b taken out its log sec and log esc are taken out 
also. These functions so taken out are substituted in 
the second members of (ii) and (i), so that i c may be 
computed in two ways; and the results should agree. 

2d0. Examples. 

Given, one side = 123^ 15', another =108° 24', and the 
included angle = 98° 32'. 

a =123° 16' 

ft = 108° 24' 

0= 98° 32' (iv) (iii) 

i (a + ft) = 115° 49' 30" log sec 0.36089w log esc 0.04570 
i (a-ft)= 7° 25' 30" log cos 9.99634 log sin 9.11135 
i (7= 49° 16' log cot 9.93508 log cot 9.93508 

\(A + B) = 117° 1' 41" log tan 10.29231« 
^\a-B)= 7° 2' 52" log tan 9.09213 

(ii) (i) 

i (^+j5) log cos 9.6674671 log sin 9.94977 

\\a-B) log sec 0.00330 log esc 0.91117 

\ (a + ft) log tan 10.31519w 

\ (a-b) log tan 9.11601 

ic = 43°24'53" log tan 9.97696 log tan 9.97596 
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^1=124° 4' 33'' ^2=304° 4' 33" 

Bi = 109° 58' 49" B^ = 289° 58' 49" 

ci= 86^ 49' 46" Cj=273° 10' 14" 

Test: 

log sin a, J, c, 9.92235 9.97721 9.99934 

log sin A, B, (7, 9.91819 9.97304 9.99517 
log modulus, 0.00416 0.00417 0.00417 

291. Fourth Method. By drawing from B or from A 
a great-circle arc perpendicular to the opposite side, the 
required triangle is made equivalent to the sum or to the 
difference of two spherical right triangles, which can be 
solved as follows: 

The perpendicular B Q forms two right triangles B Q C 
and B Q A, the former of which has the hypothenuse a 
and an oblique angle G given. Then, to find the base 
C Q (Art. 256), 

tan OQ= tan a cos (7 (i) 

The base Q A of the other right triangle is the given 
side h diminished by C Q. 

QA = ft-CQ (ii) 

But if C Q is numerically greater than 6 the base 

QA = 360° + J-OQ 

It is then the longer arc from Q to A, as may be seen 
by drawing the triangle on a globe. Napier's first rule 
(Art. 248), applied to the two right triangles B Q C and 
B Q A, gives the two equations 

sin c Q= cot C tan B Q 
sinQA=cot A tan BQ 

whence, by eliminating tan B Q, 

cot ^ = cot Ccsc OQ sin QA .... (iii) 
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Napier's second rule, applied to the same two triangles, 
gives the two equations 

cos a= cos o Q cos B Q 

cos C = cos Q A COS B Q 

whence, by eliminating cos B Q, 

COS c=cos a sec OQ cos QA (iv) 

The perpendicular from A forms two right triangles 
A P C and A P B, from which in the same way come the 
equations 

tanOP =tan J cos C (v) 

PB =a— OP > , ^v 

orPB =360° + a-CP) ^ ^ 

cot ^ = cot (7 CSC OP sin PB .... (vii) 
cos c =cos 6 sec OP cos pb .... (viii) 

292 • Bzamples. 

1. Given, one side = 119°, another side = 116®, and the 
included angle = 133°. 

a =119° 
h = 116° 
G =133° 

(i) log tan a =10.25625/1 (v) log tan 5 =10.31182w 
log cos (7 = 9.83378 n log cos (7 = 9.83378 rt 

log tan o Q = 10.09003 log tan o P = 10.14560 

o Q = 50° 53' 49" O P = 54° 25' 46" 

(ii) Q A = 65° 6' 11" (vi) P B = 64° 34' 14" 

(iii) log cot O = 9.96966W (vii) log cot C = 9.96966w 

logcscOQ= 0.11013 logcscOP= 0.08969^ 

log sin Q A= 9.95764 log sin P B= 9.95574 

log cot ^ =10.03743« log cot ^ =10.01509» 
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^1=137° 27' 58" 
^2=317° 27' 58" 

(iv) log cos a = 9.68557/1 

log sec CQ= 0.20016 

logcosQA= 9.62427 

log cos c = 9.51000n 

ci=108°52'49" 
c^=25V 7' 11" 

Test: 



-^1=135° 59' 43" 
^2=315^59^43" 

(viii) log cos b = 9.64184w 

log sec op= 0.23530 

log cos PB= 9.63286 

log cose = 9.51000/1 



log sin a, ft, c, 


9.94182 


9.95366 


9.97598 


log sin Af By Cy 


9.82996 


9.84181 


9.86413 


log modulus, 


0.11186 


0.11186 


0.11185 



2. Given, one side = 62° 15', another side = 34° 28', and 
the included angle = 156° 34'. 





a = 


OZ 10 




b = 


34° 28' 




C = 


156° 34' 


(i) log 


tan a = 


10.27891 


log 


cos C = 


9.96262W 


log tanCQ= 


10.24153» 


CQ 


= 119° 49 


'50" 


(ii) QA 


= 274° 38 


'10" 


(iii) log 


cot C = 


10.36308» 


log 


CSC OQ = 


0.06173 


log 


sin QA= 


9.99858n 


log cot A = 


10.42339 


A= 


= 20° 40' 


5" 


A,= 


= 200° 40' 5" 


(iv) log 


cos a = 


9.66803 


log 


sec CQ= 


0.30327n 


log 


cos QA= 


8.90756 


log 


cos c = 


8.87886» 



(v) log tan b = 9.83659 
log cos C = 9.96262 71 
logtanOP= 9.79921» 

CP = 147°47'49" 
(vii) PB = 274°27'11" 

(vii) log cot C = 10.36308n 
log CSC op= 0.27333 
log sin P B = 9.99869 n 
log cot ^ =10.63510 

Bi= 13° 2' 40" 
^2=193° 2' 40" 

(viii) log cos b = 9.91617 

log sec o P = 0.07254W 

logcosPB= 8.89010 

log cose = 8.87881W 
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Ci= 94°20'2r 
c^^2^&' 39' 39^' 

Test : 

log sin a, h, c, 
log sin A, By C, 
log modulus. 



9.94694 
9.54772 



9.75276 
9.35355 



0.39922 0.39921 

3. Given, one side = 123°, another side 
included angle = 65°. 

Results, 



9.99876 
9.59954 
0.39922 

82°, and the 



^=127° 45' 23" 
B= 68° 59' 31" 
e = 74° 1' 36" . 



or 



11. 



^=307° 45' 23" 
-5=248° 59' 31" 
c =285° 58' 24" 



293. Given two angles and the included side. A, B, 
and c. 

The geometric construction on a globe is as follows: 
Draw a great-circle arc equal to the given c, at one end 
of which construct an angle equal to the given A, and, 
on the same side of c, but at the other end, an angle 
equal to the given B; then extend the sides of these 
angles till they cross once in a point Ci and again in 
a point Oa diametrically opposite Ci. The sides ai and 6, 
meeting at Ci are each less than 180° ; but the sides as 
arid Ji meeting at Ca are each greater than 180°, being 
equal respectively to ai+ 180° and &i + 180°. The angle 
at Ci is less than 180°, but the angle at Os is greater, 
being equal to 360° — Ci. This construction is always 
possible; for two great-circle arcs can be drawn making 
any angles whatever with a third arc, and the two arcs, 
if extended far enough, cross each other in two points. 
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294. First Method. By the fundamental equations 
[158] and [155], 

. cos A sin J5H- sin A cos B cos c 
cot a= : — -— : 

sm A sm c 
. , sin A cos B + cos A sin B cos c 

cot 0= : -— : 

sm ^ sm c 
COS (7= —cos A cos -B + sin ^ sin B cos o 
a2=180° + ai 

52=180° + *! 

O8=360°~Ci 

Which values belong together is decided by means of 
the equations 

sin g _ sin 6 _ sin c 
sin A sin B sin C' 

The computed values of a, J, and C, which, with the 
given values of A, By and c, make each of these ratios 
positive belong to one triangle, and those which make 
each ratio negative belong to the other triangle. One 
triangle has a positive, the other a negative modulus. 

296. Examples. 

1. Given, one angle = 78°, another angle = 63°, and the 
included side = 127^ 

By Table I. (p. 9). 



^= 78° 


sin ^ = 0.978 


cos A= 


0.208 


B= 63° 


sin J5= 0.891 


cos B= 


0.454 


c =127° 


sin c = 0.799 


cos c = 


-0.602 



By substitution in the formulas. 
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cot a - ( 0-^g)(0»g91) + (0.9T8)(0,454)(-0.602 ) , _ ^ ^pg 

(0.978) (0.799) 

^^^ ^_ (0.978)(0.454) + (0.208) (0.891) (~ 0.602) ^^ ..^ 

(0,891)(0.799) 

cos C= - (0.208)(0.454) + (0.978) (0.891) (-0.602) = -0.619 



a= 96^ O' 
h = 64^ 67' 
0=128° 14' J 



a =276° O' 

or ^5=244° 57' 

C= 231° 46' 



2. Given, one angle = 118°, another =67°, and the in- 
cluded side = 74°. 



Besults, 



a = 111^ 39' 
b = 75° 41' 
0= 65° 56' 



or 



a=291°3y 

b =255° 41' 

L 0=294° 4' 



296. Second Method. For logarithmic computation, 
the Gaussian Equations [171] may be written with only 
known quantities in the second members thus : 

(i) log cos i (a— 6)+log cos i C=log sin i (^+5)-|-log cos i c 

(ii) log sin i (a— 6)+log cos ^ C=log sin ^ (J.— 5) -flog sin i c 

(iii) log cos i (a+6)+log sin ^ C'=log cosi (J.+JB)+log cos i c 

(iv) log sin i (aH-6)H- log sin i C=log cosi (-4— 5)+log sin i c 

How to combine these equations so as to find the val- 
ues of the required parts will be shown by examples. 

297 • Examples. 

Given, one angle = 78°, another angle = 63°, and the 
included side =127°. 
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c =127° 



i(A-\-B)= 70^30' 
i(^-^)= 7° 30' 



log sin 
log cos 
log sin 
log cos 
log sin 
log cos 

(i) log cos i (a— ft) + log cos i (7= 

(ii) log sin i (a— ft) + log cos i 0= 

(iii) log cos ^ (a + ft) + log sin i G— 

(iv) log sin ^ (a + ft) + log sin ^ (7= 

log tan i (a— ft) = 

log tan -J- (a + ft) = 

log cos i (a— ft) = 

log cos i (a+ft) = 

log cos I (7= 

log sin \ 0= 
log tan i 0= 

i(a~ft) = 15°31'16" 

i(a + ft) = 80°28'15" 

i(7=64° r 4" 



9.97436 


(1) 




9.52350 


(a) 




9.11570 


(8) 




9.99627 


(*) 




9.95179 


(») 




9.64953 


(«) 




9.62388 


(7)= 


(1)+ («) 


9.06749 


(»)= 


(8)+ (B) 


9.17303 


(»)= 


(«)+ («) 


9.94806 


(10)= 


(4)+ (») 


9.44361 


(11)= 


(»)- W 


10.77503 


(18)= 


(10)- (») 


9.98387 


(18) 




9.21893 


(i«) 




9.64001 


(16)= 


(T)-(18) 


9.95410 


(16)= 


(»)-(l4) 


10.31409 


(")= 


(16) -(16) 






: 95°59'3r 

64° 56' 59" 

128° 14'- 8" 






275° 59' 31" 
244° 56' 59" 
231° 46' 52" 



Test: 



log sin a, ft, c, = 9.99762 
log sin A, B, C, = 9.99040 
log modulus, = 0.00722 



9.95710 
9.94988 
0.00722 



9.90235 
9.89513 
0.00722 



The course of the computation is indicated by the 
reference numbers at the right hand. Numbers (1) to (6^ 
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are logarithms taken out of the table. Numbers (7) to 
(10) inclusive are the results of combining these log- 
arithms two and two in the order indicated, and are 
therefore the second members of the equations (i), (ii), 
(iii), and (iv) respectively. Numbers (11) and (12) result 
from subtracting the members of (i) from those of (ii), 
and those of (iii) from those of (iv). With (11) and (12) 
we turn to the table and take out the values of i (a — b) 
and i (a + b); also, at the same places, numbers (13) and 
(14), or log cos i (a — b) and log cos i (a + 6). These 
subtracted from (7) and (9) respectively give numbers 
(16) and (16) from which or from whose difference, num- 
ber (17), the angle i C is found. 

The second set of values is derived from the first set 
by means of the geometric relations stated in Art. 293. 

2. Given, one angle = 118°, another angle = 67*^, and the 
included side = 74°. 

Results, 



a = 111° 39' 31" 

b = 75° 40' 49" I- or 

C= 65° 67' 22" 



a =291° 39' 31" 
b =255° 40' 49" 
(7=294° 2' 38" 



298. Third Method. Another method for logarithmic 
computation is based on Napier's Analogies [172], which, 
by taking the logarithm of each term, may be written 
thus: 

(i) log tan i (a--6)=log esc i {A+B)+\og sin 1 (^~B)+log tan ic 
(ii) log tan i (a+6)=log sec ^ (^+JB)+log cos i (A—B)+\og tan ic 
(iii) log cot i C'=log CSC i {a—b)+\og sin ^ (a+6)+log tan ^ (A—B) 
(iv) log cot i C=log sec i (a— &)+log cos i (a+6)+log tan i {A+B) 

The two first equations give i (« ~ J) and i (a + b), and 
thence a and b. When the value of i (a — b) is taken out 
of the table, its log esc and log sec are taken out also ; and 
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when that of i (a + h) is taken out its log sin and log cos 
are taken out also. These substituted in (iii) and (iv) 
give i (7 in two ways. 

299 • Example. 

Given, one angle = 124° 12', another = 82° 28', and the 
included side = 64° 36'. 

^ = 124° 12' 
j5= 82° 28' 
c = 64° 36' 

(i) (ii) 

|(^ + -B) = 103°20' log esc 0.01187 log sec 0.63711w 

^{A-B)^ 20° 62' log sin 9.55169 log cos 9.97054 

ic= 32° 18' log tan 9.80084 log tan 9.80084 

^(a-h) = 13° 1'48" log tan 9.36440 

i(a + 5) =111° 19' 32" log tan 10.40849n 

(iii) (iv) 

|(a-^) log CSC 0.64693 log sec 0.01133 

^{a + h) log sin 9.96919 log cos 9.5607071 

\{A-B) log tan 9.58115 

liA-^-B) log tan 10.6252471 

i 0= 32° 24' 47" log cot 10.19727 log cot 10.19727 

«! = 124° 21' 20" ^2 = 304° 21' 20" 

bi = 98° 17' 44" b^ =278° 17' 44" 

Ci= 64° 49' 34" (72=295° 10' 26" 

Test: 

log sin a, 6, c, 9.91674 9.99543 9.95585 
log sin A, B, G, 9.91755 9.99624 9.95666 
log modulus, 9.99919 9.99919 9.99919 

300. Fourth Method. By drawing from B a great- 
circle arc perpendicular to the opposite side, the required 
triangle is made equivalent to the sum or to the dif- 
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ference of two right triangles, which may be solved as 
follows : 

The perpendicular B Q forms two right triangles B Q A 
and B Q C, the former of which has the hypothenuse c 
and an oblique angle A given. Then to find the other 
oblique angle A B Q (Art. 256) 

cot ABQ=tan ^ cos c (i) 

The oblique angle Q B C in the other triangle is equal 
to the given angle B diminished by A B Q, or to 360° + £ 
diminished by A B Q. 



QBO=^— ABQ 
or QBO = 360'' + ^--ABQ 



I . . , . (ii) 



Napier's first rule (Art 248), applied to the two right 
triangles B Q A and B Q C, gives the two equations 

cos AB Q=cot c tan B Q 
cos Q B c = cot a tan B Q 

whence, by eliminating tan B Q, 

cot a = cot c sec ABQ cos QBO . . . (iii) 

Napier's second rule, applied to the same two triangles, 
gives the two equations, 

cos A = sin A B Q cos B Q 
cos 0=sin QBO cos BQ 

whence, by eliminating cos B Q, 

cos 0=cos ^ CSC ABQ sin QBO . . . (iv) 

In the same way, from the two right triangles A P B 
and A P C, formed by drawing the perpendicular A P 
from A, come the equations 
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cot B A p = tan B cos c 

PAO=^-BAP| 

or P AO=3eO*' + ^-BAP) 
cot b = cot c sec BAP cos P A o 
COS C= cos ^ CSC B A P sin P A o 



(V) 

(vi) 



301. Bzamples. 

1. Given, one angle = 118°, another = 67' 
eluded side = 74°. 

^ = 118° 
B= 67° 
c = 74° 

= 10.27433n 

= 9.44034 



. (vii) 
(viii) 



and the in- 



(i) log tan -4 
log cos c 



(v) log tan J5 
log cos c 



= 10.37215 
= 9.44034 



logcotABQ= 9.71467/1 

ABQ=117°24'10" 

(ii) QBC = 309°35'50" 



logcotBAP= 9.81249 
BAP=57° 0' 6" 
(vi) PAC = 60°59'64" 

log cote = 9.45750 (viii) log cote = 9.45750 

logsecABQ= 0.33701/1 logsecBAP= 0.26391 

(iii) log cos Q B c = 9.80440 (vii) log cos P A o = 9.68559 

log cot a = 9.59891/1 log cot J = 9.40700 

ai=lll°39'3r Ji= 75° 40' 48" 

02= 291° 39' 31" ^2 = 255'' 40' 48" 

(iv) log cos A = 9.67161/1 (viii) log cos B = 9.59188 



logcscABQ= 0.05169 
logsinQBO= 9.88680/t 
log cos G = 9.61010 

Ci= 65° 57' 13" or 15" 
C2=294° 2' 47" or 45" 

Test, logsina, ft, c, 9.96820 
log sin A, B, Gj 9.94593 
log modulus, 0.02227 



log CSC B A p = 0.07640 
logsinPAO= 9.94181 
log cos G = 9.61009 



9.98629 
9.96403 
0.02226 



9.98284 
9.96057 
0.02227 
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2. Given, one angle =128^ 17' 24'', another angle 
108° 39' 52", and the included side = 98^ 40' 32". 



Besults, 



a = 125° 17' 22" 
b = 99° 51' 4" 
0=108° 5' 15". 



or 



a =306° 17' 22" 

b =279° 51' 4" 
.C=261°54'46" 



III. 

302. Given two sides and the angle opposite one of 
them, a, b, and A. 

The geometric construction is analogous to that in the 
corresponding case of plane triangles (p. 43). It is made 
on a globe as follows : Draw, for a base, the circumfer- 
ence of a great circle; draw an arc meeting this at a 
point A and forming with it an angle equal to the given 
angle A ; on this arc measure off A C equal to the given 
side b ; from the point C as pole, and with a polar radius 
equal to the given side a, draw a small circle cutting the 
base in two points Bi and B2; and finally draw the two 
arcs CBi and CBg. Thus are formed two triangles 
ACBi and ACB2, each of which contains, with the given 
parts, a separate value of each required part. 

It may happen that all the parts of both triangles are 
each less than 180°; as in Fig. 70; or one of the triangles 
may have its base and the opposite angle (c and C) greater 
than 180°, as in Fig. 71 ; or both triangles may have the 
base and opposite angle greater than 180°, as might easily 
be shown by drawing another figure. 

Since the given parts are limited not to exceed 180°, 
the modulus of both triangles is positive, and therefore 
c and C are either both less or both greater than 180°. 
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This construction fails to give triangles either when 
the polar radius a is too short to reach from C to the 
great circle c or when it is so long as to reach everywhere 
beyond it. Let C B be an arc less than 90° drawn from 
C perpendicular to c. Then, if a is shorter than C B, or 
longer than its supplement, the points B, and Bj cannot 
be found, and there are no triangles ; if a is equal to C R 
or to its supplement, the points Bi and B, fall together 
at B or at a point diametrically opposite R, and the two 
triangles are one; if a is longer than CR but shorter 
than its supplement, the points Bi and B, can be found, 
and there are two separa;te triangles. By Napier's second 
rule applied to the right triangle ABC, 

sin OB=sin i sin .^ 

which leads to a statement of the conditions of the 
special cases just described in the following form : 
When a, h, and A are given the two triangles are 

Both possible when sin a>sin b sin A 

Identical when sin a = 3in b ain A 

Both imi>os3ible when sin aOin & sin ^1 
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303. First Method. £7 the fundamental equations 
[163], [152], and [155], 

g^^^sin_6^in^ a) 

sin a 

COS* a— cos' 6 x.v 

smc= r-T z 1 7 B • • • (^0 

cos a sin cos ^4— sin a cos 6 cos j^ 

^^^ sin b cos b cos -4— sin a cos a cos B /...v 

COSC = : — : . . . (ill) 

cos a sin b cos ^— sin a cos 6 cos B 

8in(7= C08» ^-cos« B ^j^^ 

cos A sin -B cos a— sm A cos ^ cos d 

r^ sin -4 cos -4 cos ^— sin B cos ^ cos a , v 

cos C= — : — ; =; 7 ... (V) 

COS A sm B cos a— sin A cos B cos b 

Formula (i) gives two values of B, which, when the 
given parts are limited not to exceed 180^, are both less 
than 180^, and 

^,= 180^-J?i 

In the first and second equations of [162] all the quan- 
tities are now known except sin c and cos e. These can 
be found by solving the two equations algebraically. 
The result of such a solution, in the general form, is 
(ii) and (iii). In the first two equations of [166], like- 
wise, sin C and cos C are the only unknown quantities ; 
and their values can be found by an algebraic solution ; 
the result of which, in the general form, is (iv) and (v). 

For each value of B substituted in the formulas (ii) 
and (iii) there results one and only one value of c, 
because these formulas determine the values of both 
the sine and the cosine of c, and when both these func- 
tions of an arc are determined, the arc itself can have 
but one value between 0° and 360°, Likewise, one and 
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only one value of C results from the substitution of each 
value of -B in (iv) and (v). 

304 • Examples. 

1. Given, one side = 120°, another = 114*^, and the angle 
opposite the former = 58®. 

By the Table (p. 9), 

sin cos 

a =120° 0.866 -0.500 

b =114° 0.914 -0.407 

^=58° 0.848 0.630 

By substitution in the formulas, 

gj^ ^^0914X0848^0.896 
0866 

sin cos 

Bi= 63° SV 0.895 0.446 

^,= 116° SV 0.895 -0.446 

sin c (-0.500)8-(-0.407)g _0 992 

^"(-0.500)(0.914)(O630)-(O866)(-O407)(0.446) 

(O914)(-0.407)(O630)-(O866)(-O600)(0.446) , .0047 
^~'(-O500)(0.914)(O630)-(0.866)(-0.407)(0.446) 

ci=272°42'* 

. n (O680)2-(O44e)a ^ ^ 

^" (0.530)(0.895)(-O500)-(0.848)(0.446)(-O407)"" 

^ _ (0.848)(0.630)(~0.407)-(O896)(O446)(-0.500) ^ onQ 

^"■(O630)(0.896)(-O500)-(0.848)(0.446)(-0.407) " * 

(7i=258°28' 

By changing 0.446 to — 0.446 in the foregoing calcula- 
tion the results are 

* The value of c^ being near 270°, is more accurately found 
from its cosine than from its sine. For the degree of accuracy, 
compare results with those of the same example, page 226. 
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sin C2 = - 0.211 sin Cg = - 0.210 

cos C2 = + 0.977 cos Cg = + 0.978 

C2=347°49' ^2= 347° 53'* 

2. Given, one side = 40° 16', another = 47° 44', and the 
angle opposite the former = 52^ 30'. 



Besults, 



-B=65°15' 

c =53° 30' 
C=80° 7' 



or 



f J5=114°45' 
c = 14° 21' 
0= 17° 39' 



305. Second Method. The values of B having been 
found as in the First Method, c and C are found by sub- 
stituting the values of B separately in the Gaussian 
Equations, which may be written as follows: 

( i ) log cos \ (7— log cos J c=log sin ^ (-4+1?)— log cos i (a— 6) 
( ii ) log cos \ O— log sin i c=log sin i (-4— jB)— log sin i (a— 6) 
( iii ) log sin ^ C— log cos i c=log cos J (-4+ JB)— log cos J (a +6) 
( iv ) log sin i C— log sin ^ c=log cos i (^— J5)— log sin i (a+6) 

306 . Examples. 

1. Given, one side = 120°, another = 114°, and the 
angle opposite the former = 58°. 



a =120° 


log CSC 0.06247 


(1) 


b -114° 


log sin 9.96073 


(2) 


A = 68° 


log sin 9.92842 


(8) 


B^- 63° 27' 17" ± 13" 


log sin 9.96162 


(4) = (l) + (2) + (8) 


-B,= 116°32'43" 







* These values are found more accurately from their sines than 
from their cosiaes. 
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i(A + B,) = 60° 43' 38" log sin 9.94066 (5) 

log cos 9.68928 (•) 
i (^ - ^i) = - (2° 43' 38") log sin 8.67746» (7) 

log cos 9.99951 (8) 
i (a + ^) = 117° log sin 9.94988 (9) 

log cos 9.65705w (lo) 
^.{a-h)= 3° log sin 8.71880 (ii) 

log cos 9.99940 (12) 

(i) log cos i (7i-log cos I Ci= 9.94126 (13)= (5)-(i2) 

(ii) log cos \ Ci-log sin I Cy= 9.95866» (14)= (7)-(ii) 

(iii) log sin \ Ci-log cos \ c^= 0.03223« (15) = (•)-(io) 

(iv) log sin I Ci- log sin \ c^= 0.04963 (16) = (8)- (9) 

i ci = 136° 8' 50".4 log tan 9.98260?a (17) =:: (13) - (u) 
ci =272° 17' 41" mn =(15)-(16) 

i Ci = 129° 2' 33".6 log tan 0.09097/i (I8)=(i5)-(i3) 
Ci=258° 6' 7" 97/1 =(i6)-(i4) 

i (^ 4- B.^ = 87° 16' 22" log sin 9.99951 (8) 

log cos 8.67746 (7)n 
i {A-B^ = - (29° 16' 22") log sin 9.68928/1 (6)n 

log cos 9.94066 (5) 
^(a+h) = 117^ log sin 9.94988 (9) 

log cos 9.65705/1 (lo) 
I (a-^h) = 3° log sin 8.71880 (n) 

log cos 9.99940 (12) 
(i) log cos i C2— log cos i ^2=* 0.00011 (i9)= (8) -(12) 
(ii) log cos ^ Ci— log sin ^ ^2= 0.97048n (20)= (6)n-(ii) 
(iii) log sin ^ Cj— log cos J c^= 9.02041/1 (21)= (7)n—(io) 

(iv) log sin i Cj— log sin ^ ^2= 9.99078 (22)= (5) — (9) 

i C2 = 173° 53' 21" log tan 9.02963/t (28)= (19) —(20) 
cg = 347° 46' 42" 63w = (21) —(22) 

i 02=174° V 5" log tan 9.02030/1 (24) =(21) -(19) 
Oa=348° 2' 10" 30/1 =(22) -(20) 
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The course of the computation is easily followed hj 
help of the reference numbers at the right hand. Num- 
bers (1), (2), and (3) are taken out of the table, and (4), 
their sum, gives the two values of B, Numbers (6) to 
(12) are taken out of the table. From these are found, 
in the way indicated, numbers (13) to (16), which are 
the numerical values of the second members of equations 
(i), (ii), (iii), and (iv). Number (17) is log tan i c^, found 
by subtracting the members of equation (ii) from those of 
(i) or those of (iv) from those of (iii). Number (18) is 
log tan i Ciy found by subtracting the members of (i) 
from those of (iii) or those of (ii) from those of (iv). 
Theoretically, the two ways of finding log tan i Cj, 8uid 
the two ways of finding log tan i Ci, should give the same 
results, as they do in this example. What is to be done 
in case they do not is shown by the next example. 

In continuing the computation with Bi in place of Bi, 
there are no more logarithms to be taken out of the table. 
For, since 

we have 

sin i(A + B^) = cos i (A-B^) = (8) 
cos i (A+B^)=^'-8m i (A-B^ = (r)n 
sin i (A'-B^)= -Gos i (A + B{) = l6)n 
cos i (-4-5iO= sin i (^ + ^i) = (5) 

which show that the first four logarithms of the second 
part of the computation are the same as the correspond- 
ing four of the first part, but arranged in a different order; 
for (6) and (8) change places, and (6) and (7) change 
places, the two latter, however, taking or dropping the n. 
If these changes be kept in mind, it is not even necessary 
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to write the eight logarithms (6) to (12) again as was 
done above. The remaining steps are exactly like those 
of the first part already explained. 

2. Given, one side = 70°, another = 100°, and the angle 
opposite the former = 69°. 



a = 70° log CSC 0.02701 (1) 

6 =100° lo2 sin 9.99336 (2) 

^ = 69° log sin 9.97016 (8) 

Bi= 78° 4' 0" ± 30" log sin 9.99061 (4, + (l)4-(2) + (3) 

i (A-\'Bi)= 78°32' 0" [7"] log sin 9.98181 (5) 

log cos 9.45249 [244] (6) 

i {A-Bi)=-{49S2' 0") [7"] log sin 8.89784n [803] (7) 

log cos 9.99864 (8) 

j(a+6) = 86° log sin 9.99834 (9) 

log cos 8.94030 (10) 

^(a-b) =-16° log sin 9.41300n (11) 

log cos 9.98494 (12) 

(i) log cos i Cj-log cos i Ci = 9.99687 (18)= (5) —(12) 

(li) logcosi Ci-logsin ici= 9.48484 [603] (14,= (7) -(11) 

(iii) log sin i Ci -log cos i Cj = 0.51219 [214] (15)= (6 -10 

(iv) log sin i Ci-log sin i Ci= 0.00030 (16)= (8, - (9) 

ici =72° 63' 44" log tan 0.61203 [184] (17)=(13) -(14) 

189 [184] =(15) -(16) 

jCi=73° r2r' log tan 0.61632 [627] (18) =(15) -(13) 

646 [627] =46) - 14) 

(i) logcosi Cj— JogcosiC2= 0.01370 ^9)= (8^ —(12) 

(ii) log cos i Ca-log sin ^ €2= 0.03944 (20= t6)n-ai 

(iii) log sin ^ Cg-log cos ^ €2= 9.96773 (21 = t7)n— 10) 

(iv) log sin i C2— log sin ^ €2= 9.98347 (22 = (5) — 9 

i C2 = 43° 18' 11' .6 log tan 9.97426 (23, = .19 - 20 

26 =21) —22 

iC2= 41° 19' 6" log tan 994403 (24,= 21) -il9) 

03 =v22) —(20) 

Bi= 78° 4' 14" B2 = 101° 55' 46" 
Ci =145° 47' 28" C2 = 86° 36' 23" 
Ci=146°2'42" ^2= 82° 38' 10" 

The two values of number (17) differ by 14. The 

reason is that the value of B^ taken out of the table is 
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erroneous. Number (4) being the sum of three loga- 
rithms may be erroneous to the extent of rt | of a unit in 
the fifth decimal place. This i | corresponds to a differ- 
ence of it 30" in the value of Bi, We are permitted, 
therefore, to make any needed alteration in the value 
of Bi first found, if the alteration does not exceed 30". 
We first try the eflfect of increasing the value of Bi by 2". 
This increases (6) and (13) by 0.07 in units of the fifth 
decimal place, diminishes (6) and (16) by 0.72, increases 
(7) and (14) by 2.65, and diminishes (8) and (16) by 0.02. 
The first value of (17), which is the difference between 
(13) and (14), is increased by 0.07 and diminished by 
2.65 ; that is, on the whole, diminished by 2.58. The sec- 
ond value of (17), which is the difiference between (16) 
and (16), is diminished by 0.72 and increased by 0.02 ; 
that is, on the whole, diminished by 0.70. The difiference 
between the two values of (17) is diminished by 2.58 less 
0.70, or 1.88. Thus an increase of 2" in the value of 
Bi diminishes the difiference between the two values of 
(17) by 1.88. To make this difiference wholly disappear, 

we use ^ times 2" or 14". This correction, 14", is 

within the limit of possible error in Bi , and is therefore 
to be accepted as giving a more accurate value of i>i than 
that first obtained. 

With this more accurate value of Bi the computation 
is revised, the necessary alterations being written in 
brackets. When the values of i Ci and i Ci are taken 
out of the table, the figures in brackets are used instead 
of those first obtained. The second part of the computa- 
tion is made with the corrected values. 

3. Given, one side = 55°, another = 114°, and the angle 
opposite the former = 58°. 
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Results, 

B^ 7V 2' 40''^ 
c = 154° 55' 26'' 
C=153°58'2r 



or 



J5=108°67'2(y' 
c = 105^ 8' 56" 
0= 92° 8' 51 



/f 



Note. — The value of B first taken out is 71° 2' 45", which is 
corrected in the manner above explained. 

4. Given, one side = 75*', another = 114°, and the angle 
opposite the former =58°. 



Eesults, 

B= 53°iy38" 
c = 195° 52' 24" 
C=193°53'40"J 

307. Third Method. 



or 



j5=126°40'22" 
c = 64° 12' 4" 
C= 52° 13' 42" 



The two values of B, having 
been computed as in the Second Method, are separately 
substituted in Napier^s Analogies [172], which may be 
written thus: 

(1) log tan ^ c=log sin ^ (A+B)+\og esc i (-4 — B)+log tan i (a— 6) 
(ii) log tan ^ c=log cos i (^+5)+log8ec I {A—B)+\og tan i (a+h) 
(iii) log cot i C=log sin i (a+6)+log esc i (a— &)+logtan | (A—B) 

308. Bxample. 

Given, one side = 59° 32', another = 75° 43', and the 
angle opposite the former =38° 25'. 



a = 69° 32' 
6 = 75° 43' 
A= 3^ 26' 
Bi= 44° 19' 0"±7" 



log CSC 0.06463 
log sin 9.98636 
log sin 9.79335 
log sin 9.84424 



(ii) 
log cos 9.87535 



(i) 
i(Bi+A) = 41°22' 0" [1"] log sin 9.82012 

i(Bi'-A) = 2° 67' 0" [1"] log esc 1.28849 [46] log sec 0.00058 

i (6+a) = 67° 37' 30" log tan 10.38546 

^{b-a) = 8° 5' 30" log tan 9.15282 

J Cj = 61° 17' 12'' log tan 10.26143 [39] log tan 10.26139 
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^^ "".^^ !^! J!! \ Corrected values. 
^3= 135° 40' 58") 




\{B^-\-A) = 41° 22' 1" 
^{B^-A) = 2° 57' 1" 
4 {b+a) 
i (6-a) 

iCi= 71° 17' 41" 


(iii) 
log tan 8.71212 
log sin 9.96601 
log CSC 0.85153 
log cot 9.52966 




i (^2+^) = 87° 2' 59" 
i(^2-A) = 48° 37' 69" 
i (6+a) 
i (&-a) 

iCj = 10° 42' 47" 


(i) 
log sin 9.99942 

log CSC 0.12465 

log tan 9.15282 
log tan 9^7689 


(iii) 

log tan 10.05523 
log sin 9.96601 
logcso 0.85153 


iC2= 7° 38' 4" 


log cot 10.87277 


Eesults, 






^=44° 19' 2" j 




r-B=136° 


40' 68" 


c = 122° 34' 24" 


or 


e = 21° 


25' 34" 


(7= 142° 35' 22" 




(7= 15° 


16' 8" 



The value of B^ first taken out may be erroneous to the 
extent of i 7". The two values of log tan i c computed 
by (i) and (ii) can be made to agree by adding 2" to this 
value of Biy thus making it 44° 19' 2". The alterations 
in the logarithms are shown in the brackets. With the 
corrected values of B^ and B^ the computation is finished. 

309. Fourth Method. By drawing a great-circle arc 
C R from C perpendicular to the opposite side, two right 
triangles CRA and CRB are formed which may be 
solved as follows : 



To find B. 



sin ^=csc a sin 6 sin ^4 



(i) 



From the second and fourth equations of [173] we 
learn that in a spherical right triangle, none of whose 
parts exceeds 180°, an oblique angle and the side oppo- 
site to it are either both less than 90° or both greater 
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than 90°. This requires, when the perpendicular falls 
within the required triangle (Figs. 70 and 71), that both 
the perpendicular and the angle B be in the same quad- 
rant (first or second) with the given angle A. That 
value of B which is in the same quadrant with -^-4 is 
designated by jBi, the other by i>V 

To find c. 

In the right triangle C B A, by Napier's first rule, 

tan AR=tan 6 cos -dl (ii) 

Napier's second rule applied to the two right triangles 
C B A and C B B gives the equations 

cos J = COS AB cos OB 

cos a = COS R B COS O B 
whence, by eliminating cos C B, 

cos RB = cos A R COS a SCO 6 . . . (iii) 

^ } . . (iv) 

c2=ab-bb5 ^ 

To find a 

In the right triangle C B A, by Napier's first rule, 

tan A c R= sec 6 cot ^ (v) 

The same rule applied to the two right triangles C B A 
and C B B gives the equations 

cos A o R= cot b tan o B 
cos B o B = cot a tan o B 

whence, by eliminating tan C B, 

cos B o B = cos A c B cot a tan b . . , (vi) 

Oi = ACB + BCB) , ... 

^=acb-bcbJ ^ ^ 
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310 1 Sbcamples. 

1. Given, one side = 120°, another = 114**, and the angle 
opposite the former = 58°. 

(i) 
a =120° 

b =114° 

A= 68° 

A= 63°2ri7'' 

J52=116°32'43" 

(ii) log tan b = 10.35142w 
log cos A = 9.72421 
log tan AB=10.07563w 

AR=130°2'10" 

(ill) log cos A R = 9.80839 
' log cos a = 9.6989771 
log sec b = 0.39069/1 
logcosBB=9.89805n 

RB=142°15'27" 



(iv) 



Ci = 272°ir37'' 
C2=347°46'43" 



log CSC 0.06247 
log sin 9.96073 
log sin 9.92842 
log sin 9.95162 

(v) log sec b = 0.39069W 
log cot A = 9.79579 
log tan A c R= 10.1864871 

AOR=123°3'38" 

(vi) logcosAOR= 9.73682W 
log cot a = 9.76144w 
log tan b = 10.35142n 
log cos ROB= 9.84968» 

BOB = 135°r 32" 

(vii) Ci=258°5'10" 
(72=348° 2' 6" 



Note. — Compare the results with those of the same example, 
Art. 306. 

2. Given one side = 123° 46' 22", another = 78° 33' 38" 
and the angle opposite the former = 133° 21' 12". 

Results, 

^1=120° 58' 30" ^2=59° 1' 30" 

c, =144° 0' 24" ca =68° 50' 24" 

(7i = 149° 3' 50" 02=54° 39' 54" 

IV. 

311. Given two angles and the side opposite one of 
them, A, B, and a. 
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As a preliminary step in the geometric construction, 
draw a right triangle on the globe with the given side a 
for a hypothennse and the 
given angle B for an oblique 
angle. The side of this right 
triangle which is opposite the 
angle S is equal to the per- 
pendicular CB of the re- 
quired triangle. 

Now, from any point N as 
pole draw a great and a small 
circle, the latter with a polar «b. ts. 

radius equal to the difference between C R and a quad- 
rant The base of the required triangle being placed in 
the circumference of this great circle, the vertex C falls 
in that of the small circle. At any point A in the cir- 
cumference of the great circle construct an angle equal to 
the given angle A, and extend 
its side until it cuts the cir- 
cumference of the smalt cir- 
cle in two points C, and C». 
I These are vertices of two tri- 
angles, each of which has the 
angle A as one of its parts. 
From these two vertices draw 
perpendiculars Ci Ri and C, R, 
Fig. 73. to the base and complete the 

right triangles CiRtBi and CiRjBi, each being equal 
to the preliminary right triangle, and being so placed as 
to bring the given angle B within the required triar^le. 
See Figs. 72, 73, and 74 

Thus are formed two triangles, each containing with 
the given parts a separate value of each required part. 
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It may happen that all the parts of both triangles are 

each less than 180", as in Figs. 72 and 73; or one of the 

triangles may have its base 

and opposite angle (c and C) 

greater than 180°, Fig. 74. 

This construction fails to 
give triangles when the an- 
gle A is either so small or 
so laige that its side on be- 
ing extended does not cut 
the circumference of the 
small circle. Then the 
"■■ '■*■ points Ci and C, cannot be 

found. Both triangles are one and the same when the 
angle A 18 such that its side on being extended touches 
the circumference of the small circle in one point 

The angle A is measured by an arc of a great circle 
drawn from its vertex as a pole and included between its 
sides. Such an arc would extend from a point half-way 
between Ci and C, to a point half-way between Bi and B, . 
Now when there are two triangles this arc measuring the 
angle A is greater than C R when O B is acute (Fig. 72) 
or less than C B when G B is obtuse (Fig. 73) ; that is, in 
either case, sin ..4 > sin C B. When both triangles are 
one, the arc measuring the angle A is equal to C B or to 
its supplement; that is, in either case, sin A=sm CB. 
When there are no triangles, sin ^ < sin C B. 

By Napier's second rule applied to the right triangle 
CBB, 

sin a B= sin £ sin a 

which leads to a statement of the conditions of the 
special cases just described in the following form; 
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When A, B, and a are given, the triangles are 

Both possible when sin J[>sin ^ sin a 
Identical when sin A = sin B sin a 

Both impossible when sin -4<sin B sin a 

312. First Method. By the fundamental equations 
[153], [152], and [155], 

«;« J. — sin J? sin a ... 

8m6 = : — - — (i) 

sm -4 ^ 

cos^a— cos^^ ...v 

COS a sin b cos -4— sm a cos b cos jB 

^ ^ sin ^ cos ^ cos ^— sin a cos a cos B ,.. .v 

COSC = :— : . . . (ui) 

cos a sm b cos A — sin a cos b cos B 
. ^ cos^ ^— cos^ B ... 

sin (7= r—. =i : : t;^ 7 . • (iv) 

cos A sm B cos a— sm A cos B cos 6 
^ sin -4 cos -4 cos ^— sin B cos J? cos a . . 

cos (7= T— : =; : =; . . . (v) 

COS A sin B cos a— sm A cos B cos b 

Formula (i) gives supplementary values of b, each less 
than 180°. The other formulas are identical with those 
given in Art. 303, and are to be used in the same way. 
For each value of b substituted in them, (ii) and (iii) give 
one and only one value of c, while (iv) and (v) give one 
and only one value of C 

313 . Examples. 

1. Given, one angle = 64°, another = 72®, and the side 
opposite the former = 57°. 
By the Table (p. 9), 
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Sin 


OOb 


^ = 64° 


0.899 


0.438 


i?=72^ 


0.951 


0.309 


a =57° 


0.839 


0.545 


sin^ 


L 0.951X0.889 
0.899 


0.8875 




sin 


COS 


bi= 62° 34' 


0.8875 


0.461 


^2=117° 26' 


0.8875 


-0.461 


sin c, = 

1 /n nA e\ /n oo^- 


(0.546)2-(0 461)2 


//\ Aat \ //\ nf\f\\ — U 



COS c - (0-8876) (0.461 ) (0.438) -(0.839) (0 .546) (0 309) ^^ . „ 
^ (0.645) (0.8875) (0.438) - (0.839) (0~.461)(0.309) 

Ci = 65° 45', found from its cosine. 

sin C,=, (0.438)2-(0.309)2 

^ (0.438) (0.961) (0.545) - (0.899) (0.309) (0.461) 

cos C - (0899)(0.438)(0.461)--(0.951)(0.309)(0.545) ^ gift 
^ ~ (0.438) (0.951) (0.645)- (0.899) (0.Q09) (0.401) "" 

(7i = 77° 32', found from its cosine. 

By changing 0.461 to — 0.461 in the foregoing calcula- 
tion the results are : 

sin C2= 0.255 sin €2= 0.271 

cos C2 = - 0.967 cos C2 = - 0.962 

C2=165°14' ^2= 164° 18' 

314. Second Method. The values of b having been 
found as in the First Method, c and C are found by sub- 
stituting the values of b separately in the Gaussian Equa- 
tions, which for this purpose are written just as they 
were in Art. 305. 

315. Examples. 

1. Given, one angle = 75° 18', another = 57° 24', and 
the side opposite the former = 131° 14'. 
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A= 76° 18' 


log CSC 0.01446 


(1) 




B= 67° 24' 


log sin 9.92555 


(2) 




a = 131° 14' 


log sin 9.87624 


(8) 




bi= 40° 66' 8" 


log sin 9.81624 


(4)=(X)+(3)+(3) 


J, = 139° 4' 62" 








i(A+B)= 66° 21' 


log sin 9.96190 


(») 






log cos 9.60331 


(6) 




i(A-B)= 8° 67' 


log sin 9.19193 


C) 






log COS 9.99468 


(8) 




i(a+5,)= 86° 4' 34" 


log sin 9.99898 


(») 






log cos 8.83526 


(10) 




i(a-bi)= 46° ^26" 


log sin 9.85067 


(") 






log cos 9.84829 


(12) 




(i) log cos i C,— log cos i Ci= 0.11361 


(18)= (6) 


-(12) 


(ii) log sin | Cj — log sir 


ijc,= 9.34126 


(14)= (7)- 


-(11) 


(iii) log sin ^ d- log cos ^ Cj = 0.76805 


(16)= (6) 


-(10) 


(iv) log sin i Oj— log sir 


vi<h= 9.99570 


(16)= (8) 


-(») 


i Ci = 80° 24' 46" 


log tan 10.77236 


(")=(")■ 


-(14) 




36 


=(«)■ 


-(16) 


iCi=77°30'20" 


log tan 10.66444 


(18) =(15)- 


-(18) 




44 


=(")■ 


-(14) 


(i) log cos i CSj-log cos J C2= 9.96292 


(19)= (6)- 


- (9) 


(ii) log cos i Cj— log sin ^ Cj= 0.36667« 


(20)= (7) 


-(I0)n 


(iii) log sin | Cj— log cos i 6^= 9.76264w 


(21)= (6)- 


-(U)u 


(iv) log sin i Cj— log sii 


I i cj= 0.14639 


(22)= (8)- 


-(12) 


i Cj = 168° 0' 27" 


log tan 9.60625« 


(a8)=(19)- 


-(20) 




26 


= (21)- 


-(22) 


iC2=148°21'32" 


log tan 9.78972« 


(24)=(21)- 


-(19) 




72 


=(22)- 


-(20) 


ri - 160° 49' 32" 








(7j = 166° 0'40" 








cj = 316° 0' 54" 








a =296° 43' 4" 
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The course of the computation is in all particulars like 
that of Ex. 1, Art. 306, except that in the second part the 
changes there made in logarithms (6) to (8) are here made 
in (9) to (12) inclusive. That is, when ftj takes the place 
of 6i, (0) and (12) change places, and (10) and (11) 
change places, the two latter adding or dropping the n. 
The shape of the triangles is represented in Fig. 74. 

2. Given, one angle = 64°, another = 72°, and the side 
opposite the f6rmer = 57* 



o 



Results, 



^=62^ 33' 10" 

c =65° 36' 45" I- or 

(7=77° 26' 16" 



^=117° 26' 50" 
c = 165° 16' 59" 
0=164° 12' 5" 



Note. — The shape of the triangles is represented in Fig. 72. 

3. Given, one angle = 124° 22', another = 109° 16', and 
the side opposite the former = 121° 47'. 

^=124*22' log CSC 0.08331 (1) 

5=109^16' log sin 9.97497 (2) 

a =121® 47' log sin 9.92944 (8) 

6i= 76^ 26' 20" ± 30" log sin 9.98772 (4)=(l)+(3)+(8) 

i(^+B)=lie®49' log sin 9.95069 (5) 

log cos 9.65431n (6) 

i(^-B)= 7^33' log sin 9.11867 (7) 

log cos 9.99622 (8) 

H«+&i)= 99° 6 40" [44'] log sin 9.99449 (9) 

log cos 9.19962n [67] (10) 

i(a-6i)= 22«>40'20" [16"] log sin 9.58598 [96] (11) 

log cos 9.96507 (12) 

9.98662 (18)= (»)-(!«) 

9.63269 [61] (14)= (7) -(11) 

0.46469 [64] (15)= (6)-(10) 

0.00173 (16)= (8)- (9) 

lci=70°35' 7"-8 log tan 10.46293 [91] (17) =(18) -(14) 

96 [91] =(16)-(16) 



SUL.U 


TION ( 
=71° 14' 


46".7 


•Hfi 


UIVAL OBLiqUJ 
log tan 10.46917 


S TBIAA 
[12] (18): 


= ("] 


us. Z4 












14 


[12] = 


= (16) 


i-(14) 












9.95610 




(19) = 


= (»1 


!-(») 












9.91890 




(20) = 


= (t) 


1— (io)n 












0.06835 




(21)= 


= (6) 


i-(ll)n 












0.03115 




(38) = 


= (8) 


|-(18) 


JCj : 


=47° 27' 


2".4 




log tan 


10.03720 
20 




(28)= 


= (19) 

=(21) 


l-(20) 
(-(28) 


iC, 


=52° 19' 


24".4 




log tan 


10.11225 
25 




(24)= 


= (81) 
=(88) 


|-(1») 
|-(80) 




*,= 


76° 


26' 


28" 


bi =103° 


33' 32" 






Cl = 


141° 


KX 


16" 


Cj = 


94° 


54' 


6" 






0,= 


142° 


29'31" 


(7,= 104° 


38' 49" 





Note. — The corrections in brackets are made in the manner 
and for reasons explained under Ex. 2, Art. 306. The general 
shape of these triangles is represented in Fig. 73. 

4. Given, one angle = 63° 40', another = 72° 18', and the 
side opposite the f onner = 68° 50'. 



Eesults, 



b = 82° 24' 58" 1 
c = 111° 25' 56" 
(7=116° 32' 34" J 



b = 97° 35' 2" 

or -j c =144° 50' 44" 

(7=146° 24' 8" 



5. Given, one angle = 125° 32', another = 114° 45', and 
the side opposite the former =129° 14'. 



Eesults, 



b = 59° 48' 50" 
c = 162° 10' 14" 
(7=161° 14' 7" 



or 



b = 120° 11' 10" 

e = 72° 7' 9" 

. C= 90° 56' 28" 



6. Given, one angle = 109° 20', another = 128° 38', and 
the side opposite the former = 117° 22'. 
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Besults, 

6= 47° 19' 25"^ 
c =210° 35' 15" 
0=212° 43' 46" J 



or 



f h = 132° 40' 35" 
c = 70° 5' 27" 
0= 87° 27' 34" 



7. Given, one angle = 63° 28^ another =134° 42', and 
the side opposite the former = 73° 38'. 

Besnlts, 



h = 49° 39' 58" 
c =320° 24' 44" 
C=323°32'34" 



or 



h = 130° 20' 2" 
c = 84° 54' 46" 
(7= 68° 14' 46" 



316. Third Method. The two values of 6, having 
been computed as in the Second Method, are separately 
substituted in Napier's Analogies, which are written in 
the same form as in Art. 307. The method of compu- 
tation is that of the Example in Art. 308. 

317. Fourth Method. By drawing a great-circle arc 
C R from C perpendicular to the opposite side two right 
triangles are formed, which may be solved as follows : 

To find 6. 

sin h = esc A sin B sin a (i) 

To find c. 

In the right triangle B R 0, by Napier's first rule, 

cot BOB=tan B cos a (ii) 

Napier's second rule applied to the two right triangles 
C R A and C R B, gives the equations 

cos A = sin B c A cos O B 
cos ^= sin B c B cos o B 

whence, by eliminating cos C R, 

sin B c A= sin B c B cos A sec B . . . (iii) 

which gives supplementary values of R C A. 
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Then 



^^4 (iv) 



C2 = BOR + B 

To find c. 

In the right triangle R B, by Napier's first rule, 

cot BR=sec ^ cot a (v) 

The same rule applied to the right triangles C B A and 
C R B gives the equations 

sin B A= cot A tan c B 
sin B B= cot B tan o B 

whence by eliminating tan C B, 

sin B A = sin B B cot A tan B (vi) 

which gives supplementary values of R A. 

Then 

C, = BB + BA,) , ..V 

*■ ^\ ( Vll) 

C2=BB + BA,j "^ ^ 

Note. — If (iii) and (vi) give negative values of sin BOA and 

sin B A, then 

BOAi + BOA2 = 540° and B A^ + B Ag = 540°. 

318 • EzampleB. 

1. Given, one angle = 78° 14' 23'^ another = 82° 19' 15", 
and the side opposite the former = 62° 28' 17". 

(i) 
A= 78° 14' 23" log esc 0.00921 

J5= 82° 19' 15" log sin 9.99609 

a= 62° 28' 17" log sin 9.94782 

h^^ 63° 51' 17" log sin 9.95312 

*2=116° 8' 43" 
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(ii) 
log tan B = 10.87020 

log cos a = 9.66482 

log cot BOR= 10.53502 

BOB=16°15'49" 

(iii) 

log sin BOB= 9.44725 
log cos A = 9.30924 
log sec ^ = 0.87411 
log sin BO A= 9.63060 

ROAi= 25° 17' 18" 
ROA2=154*'42'42" 

(iv) 
Ci= 41° 33' 7" 



(V) 
log sec ^ = 0.87411 
log cot a = 9.71701 
log cot BB= 10.59112 

BB=14°22'47" 

(yi) 

logsinBB= 9.39506 
log cot ^ = 9.31845 
log tan ^ = 10.87020 
logsinBA= 9.58371 

RAi= 22° 32' 52" 
BAj=157°27' 8" 

(yii) 

ci= 36° 55' 39" 
C2=171°49'56" 



(72=170° 58' 31" 

Note. — These triangles are of the shape represented in Fig. 72. 

2. Given, one angle = 63° 28', another = 134^ 42', and 
the side opposite the former = 73° 38'. 



^= 63° 28' 


(i) 
log esc = 0.04833 


B = 134° 42' 


log sin = 9.85175 


a = 73° 38' 


log sin = 9.98204 


b,= 49°40'0" 


log sin =9.88212 


^2 = 130° 20' 0" 




(ii) 


(y) 


log tan B = 10.00455n 


log sec J?=0.15280n 


log cos a = 9.44992 


log cot a = 9.46788 


log cot B o R = 9.4544771 


logcotBB=9.62068w 


BOB=105°53'40" 


BB=112°39'42" 
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(iii) 

log sin BOR= 9.98307 
log cos A = 9.65003 
log sec ^ = 0.152807 1 
log sin BOA = 9.78590n 

BOAi=217°38'52' 
ROA2=322°2r 8' 

(iv) 
Ci=323°32'32" 
(7j= 68° 14' 48" 



»'/ 



>// 



(Yi) 

logsinBR= 9.96511 
log cot ^ = 9.69837 
log tan ^ = 10.0045 5/1 
logsinBA= 9.66803/1 

BAi = 207°45'0" 
BAj=332°15'0" 

(vii) 
ci = 320°24'42" 
cj= 84^ 54' 42" 



Note. — The general shape of these triangles will be repre- 
sented by Fig. 74 if certain changes be made, namely, by drawing' 
the perpendiculars from C^ and C^ through N, and placing B^ and 
Bg also Bi and Bg at points diametrically opposite where they now 
stand. / 

3. Given, one angle = 125° 32', another = 114° 45', and 
the side opposite the former = 129° 14'. 

Results, 



b = 59° 48' 38" 
c = 162° 10' 14" 
(7=161° 14' 0"J 



h = 120° 11' 22" 

or S c = 72° 7' 10" 

C= 90° 56' 32" 



Note. — Under Ex. 5, Art. 315, we learn that the vahie of h here 
found is erroneous, and should be corrected by adding 12" ; but 
the method of solution here used affords no means of finding such 
a correction. Fig. 73 gives the shape of the triangles. 

4. Given, one angle = 124° 22', another = 109° 16', and 
the side opposite the former = 121° 47'. 

Results, 



h = 76° 26' 20" 1 
c =141° 10' 12" 
0=142° 29' 35" 



or 



h = 103° 33' 40" 

c = 94° 54' 12" 

. C=104°38'47" 
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V. 

319. Given, the three sides, a, J, and c. 

The geometric construction is made by drawing a great- 
circle arc equal to a ; from one end of this as a pole with 
a polar radius equal to &, and from the other end with a 
polar radius equal to c drawing arcs to cross in a point ; 
and joining this point to the ends of a by great-circle 
arcs. The angles of the triangle thus formed are either 
the three interior angles or the three exterior angles, the 
former being each less than 180°, and the latter being 
each greater than 180°. 

320. First Method. By the fundamental equations 

[162], 

^^« A cos a— cos b cos e 
cos -4 = — 



cos B= 



cos 0= 



sin b sin e 
cos b— cose cos a 

sin c sin a 
cose— cos a cos b 

sin a sin b 



Each of these equations gives two values of an angle, 
one less and one greater than 180°, and such that 

^1 + ^2=^ + ^2= ^l+C'2=360° 

321. Example. 

Given, one side = 76°, another = 79°, and another = 83°. 
By the Table (p. 9). 





sm 


cos 


a = 76^ 


0.970 


0.242 


5 = 79° 


0.982 


0.191 


c=83° 


0.993 


0.122 



By substitutiDa in the equations^ 
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(0.982) (0.993) 

cos ^==(0-191)~(0.122)(0.242)^Q^^ 
(0.993)(0.970) 

cos o = (0-122)^(0.242)(0.191),^^3^ 
(0.970)(0.982) 

^1= 77° 4' ^1= 80^20' Ci= 85° 25' 

A^= 282° 56' ^2= 279° 40' (7,= 274° 35' 

322. Second Method. The halves of the angles can 
be computed from their sines [161], or from their cosines 
[163], or from their tangents [164]. The most conven- 
ient form of computation from the tangents is based on 
[174] and [175], namely 



tan J.-. / si^ (^-^) sin (5-^>) sin (s-c) 
V sin 5 ' 



t^iA= .^\ ,i^niB= ^^\^ , taniC'=-^*^'" 



sin (s — a) (sin s-^b) ~ sin (s — c) 

The right-hand members of these equations being 
square roots are to be taken as both positive and nega- 
tive. Hence each half angle has two values, which 
doubled are the two values of the whole angle. 

323. Examples. 

1. Given the same values as in Art. 321. 

a= 76° 
^=79° 
c= 83° 

238° 
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»=119<' 


log CSC 0.06818 


(1) 


8-a= 430 


log sin 9.83378 


(») 


s-h= 40° 


log sin 9.80807 


(») 


s-c= 36° 


log sin 9.76922 


(4) 




19.46925 


(») 




log tan r= 9.73462 


(•)=* (») 


i^,= 38° SO* 55" 


log tan 9.90084 


(»)=(«)-(2) 


i£,= 40° 10' 41" 


log tan 9.92655 


(8(=(6)-(») 


iOi= 42° 43' 12" 


log tan 9.96640 


(9)=(8)-(4) 


Taking the tangents as negative, 




i ^=141° 29' 6" 






i5,=139<'49'19" 






i C,= 137° 16' 48" 






^,=77° 1'50" 


/<j=282°58'10" 


J?,=80°21'22" 


J?j=279°38'38" 


C,=86°26'24" 


(7,= 274° 33' 36" 



2. Given, the three sides 109^ 33^ 121^ 44', and 53^ 35'. 



Besults, 

A^ 91° 52' 31"! 
^ = 115° 34' 15" 
0= 58° 35' 38" J 



or 



'^ = 268° 7' 29" 
^=244° 25' 45" 
(7=301° 24' 22" 



VI. 

324. Given the three angles, A, B, and G. 

The geometrical construction may be made by first 
drawing a triangle with its three sides equal to 180° — -4, 
180° -5, and ISO^'-C, which is done in the way de- 
scribed in Art. 319, and then drawing the polar of this 
triangle. This polar triangle is the triangle required, for 
its angles, being supplements of the sides of the first 
triangle, are equal to A, B, and C, 
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325. First Method. By the fundamental equations 
[156], 

cos A + cos B cos C 



cos a = 



cos ft = 



cos c = 



sin B sin G 

cos ^+cos C cos A 
sin (7 sin ^ 

cos (7+ cos ^ cos i? 
sin A sin -6 



Each of these equations gives two values of a side, one 
less and one greater than 180°, and such that 

ai + a2 = bi + b2+Ci + ^3= 360°. 

326 • Example^ 

Given, one angle = 125°, another = 130°, and another 
= 165°. 

By the Table (p. 9). 





sin 


cos 


A = 125^ 


0.819 


-0.574 


J? =130° 


0.766 


-0.643 


0=165° 


0.259 


-0.966 



By substitution in the equations, 

cos a= (-0.574) + (-0.643)(-0.966),Q,33 

(0.766) (0.259) 

cos b= (-0-643) + (-0.966)(-0.574) ^ _ 

(0.259)(0.819) 

cos ,= (-0-966) + (-0.574)(-0.643), _^^^^^ 

(0.819) (0.766) 

ai=76°15' Ji = 114°38' c, = 162° 6' 

a3=283°45' 68=245° 22' 0^= 197° 54' 
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327. Second Method. The halves of the sides can 
be computed from their sines [167], or from their cosines 
[169], or from their cotangents [170]. The most con- 
venient form of computation from the cotangents is based 
on [176] and [177], namely, 



cot Ii_ J'^' (^-"^^ ^^^ (^'^"^ '^' (^"(^l 
\ — cos /S 

. 1 cot B . , , cot E ^ , 1 cot B 

cot^a = — — -, cot^o=r — — - — — , cotic= 



cos (s- Ay ^ " cos (s- By ^ cot s- cy 

The right-hand members of these equations, being 
square roots, are to be taken as both positive and neg- 
ative. Hence each half side has two values, which 
doubled are the two values of the whole side. 

328. Examples. 

1. The same values as in Art. 326. 

A = 125° 

J? = 130° 

0= 165^ 

420° 



/S' = 210° log (-sec) 0.06247 (i) 

S-A= 85° log cos 8.94030 (3) 

S-B= 80° log cos 9.23967 (s) 

S-C= 45° ^ log cos 9.84949 (4) 

18.09193 (5) 

log cot -R= 9.04596 (6)=i(5) 

iai=38° 5' 53" log cot 10.10566 (7)=(6)-(3) 

ibj= 57° 22' 28" log cot 9.80629 (8)=(6)-(s) 

|ci=81° 3' 57" log cot 9.19647 (9)=(6)-(4) 
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Taking the cotangents as negative, 

i as =141° 54' r 
i ^, = 122° 37' 32" 
ic,= 98° 56' 3" 

ai= 76° 11' 46" 02=283° 48' 14" 

^1 = 114° 44' 56" ^2 =245° 15' 4" 

ci = 162° 7' 54" C2= 197° 52' 6" 

2. Given, each of the angles = 120°, to find the sides. 
Results, 

ai=5i=ci=109°28'17" 
a2=^,= C2=250°31'43" 

3. From the angles found in Art. 323, Ex. 2, compute 
the sides. 



Results, ^ 

a = 109^33' 9"^ 
*=12P44' 6" 
c= 53^ 34' 58" J 



a=250^26'51" 

or I ^=238° 15' 54" 

c =306^ 25' 2" 



4. Suppose a sphere to be circumscribed about a regu- 
lar icosahedron, the points where the vertices of the 
latter touch the surface of the former being joined by 
great-circle arcs, so that the whole surface of the sphere 
is divided into twenty equal spherical triangles. These 
triangles are both equilateral and equiangular ; and, since 
there are five triangles around each point, each angle 
measures 72°. What is the measure of each side ? 

Arts. 63° 26' 4". 
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CHAPTER XI. 
THE aBNBBAI. SPHBBIOAL TBIANaLE. 
339, The general spherical triangle is one whose sides 
and angles are unlimited in value. Each one of its parts 
may exceed 180°, or 360°, or any number of times 360°. 
Since, however, all the functions of an arc or of an angle 
remain the same both in name and in value when that 
arc or angle is increased or diminished by any number of 
times 360°, there will be no loss of generality if the 
treatment of the general spherical triangle is limited to 
those forms of it in which each part is between 0° and 
360° in value. The definition of a spherical triangle 
given in Art. 219, defines the general spherical triangle; 
but the limitation applied in the last part of that Article 
is now set aside, and all the different forms included 
under the definition are here considered, 

330. There ate in all eight different forms of the gen- 
eral spherical triangle, which may be enumerated and 
described as follows: 

Forms 1 and 2. — Two forms (Fig. 75) in which every 
side is less than a semi-circum- 
ference. The first has every 
angle less than 180°, and is 
the ordinary form of spherical 
triangle heretofore considered. 
The second has the same sides 
as the first, but its angles are 
each greater than 180°, being 
equal to 360° -A, 360° -B, and 
t^»'6. 360°- C respectively. The two 

triangles together cover the whole surface of the sphere. 
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F0SM8 3 AND 4.— Two forms (Fig. 76) in which two 
sides are less and one side 
greater than a semi-circumfer- 
ence. If A, B, and C denote 
the angles of Form 1, each 
angle being less than 180°, the 
angles of Form 3 are equal 
to 180°-^, im°-B, and 
360° — C respectively ; and the 
angles of Form 4 are equal 
to 180" + Ay 180" + B, and 0. "«■ '">■ 

The two triangles together cover the whole surface of the 
sphere, one being the surface of a hemisphere with an 
ordinary triangle of Form I cut out of it, and the other 
the surface of the other hemisphere with the same tri- 
angle joined to it 
FoKMS 5 AKD 6.— Two forms (F^. 77) in which one 
side is less and two sides 
are greater than a semi- 
circumference. The two 
greater sides cross each other 
at a point diametrically op- 
posite the vertex of the an- 
gle they form. The angles 
of Form 5 are equal to A 
(vertically opposite), 180" + 
B, and 180° + C respectively; 
while the angles of Form 
6 are equal to 360°-^, 180° -.B and 180° -C re- 
spectively. 

Forms 7 and 8. — Two forms (Fig. 78) in which every 
side is greater than a semi-circumference. Each side 
crosses another at a point diametrically opposite the 
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vertex of the angle the two sides form. The angles of 
Form 7 are equal to 360° - A, 
360°-^, and 360° -C re- 
spectively; while the angles 
of Form 8, being vertically 
opposite those of the ordi- 
nary triangle, are equal to A, 
B, and C respectively. 

331. Using a, b, c. A, B, 
and C to denote the sides and 
angles of the ordinary spher- 
ical triangle. Form 1, the 

sides and angles of the different forms have the values 

given in the following 



Form 1. 


Fonna. 


a A 
b B 

c C 


o 360°-^ 
b 360"-B 
c 360"- C 


Forms. 


Form 4. 


a 180°-^ 

h 180°-B 

360»-« 360"-C 


a 180" + ^ 

h 180" + .F 

360"-e C 


Form 6. 


Forme. 


a A 
360'-i 180°+ S 
360°-« 180"+ 


• 360"-..l 
360" -i 180" -B 
360°-o 180"-C 


Form 7. 


Fonna. 


360--O Zrn'-A 
360--J 360°-B 
360»-c 360"- C 


360"-« A 
S60"-J B 
360"-c C 
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332. Some of the forms above described have occurred 
among the solutions of right and oblique spherical tri- 
angles in the foregoing chapters ; but there they could be 
regarded only as particular results obtained from equations 
of limited generality. We shall now prove that the fun- 
damental equations and all others derived from them are 
applicable to the general spherical triangle in all its 
forms, so that all limitations of the data as well as of the 
results of problems may be removed. 

333. To prove that the fundamental equations 

cos a=cos b cos c + sin b sin c cos A 
cos b = cos e cos a + sin c sin a cos B 
cos c=cos a cos ft + sin a sin b cos O 

are of unlimited generality. 

Since cos (360° — -4) = cos A, no alteration in the value 
of the last term of the first equation is made by changing 
A to 360° — ^. For the same reason, B may be changed 
to 360° - B, and C to 360° - C, Therefore the equations 
are applicable to spherical triangles of Form 2. 

If the sides and angles of Form 3 are written in 
the equations, the last term of the first equation has 
two factors changed from positive to negative, because 
sin (360° - c) = - sin c and cos (180°- -4) = - cos A; 
but the term itself is unchanged either in sign or in 
value, so that the equation is undisturbed. The same is 
true of the second equation. The third equation is un- 
disturbed, since cos (360° — c) = cos c and cos (360° — C) 
= cos C. The equations, therefore, are applicable to 
spherical triangles of Form 3. 

By similar reasoning it may be proved that the equa- 
tions are applicable to spherical triangles of all the other 
forms. The equations, therefore, are of unlimited gener- 
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ality ; and the same is true of all the equations and of all 
the methods of solution derived from them. 

334. It should be said that equations [161], [163], 
[164], [167], [169], [170], [171], and [172] are per- 
fectly general only when written with the double sign 
it before the second member; but this circumstance 
does not disturb their use in computation. During com- 
putation the double sign may be disregarded ; but at the 
end, when angles are to be taken out of the table, it 
must be taken into account. 

335. The modulus, or the common value of the three 
ratios. 

sin a __ sin b _ si n c 
sin A sin B sin C 

is positive for triangles of Forms 1, 3, 5, and 7; because 
each side is like the opposite angle in respect of being 
less or greater than 180°; but for triangles of Forms 2, 
4, 6, and 8 the modulus is negative. This statement is 
the guide in deciding which results of computation belong 
to one triangle, and which to the other. 

SOLUTIONS OF THB GBNBRAL SPHERICAL TBIANGLB. 

336. The methods of solution already explained are 
applicable to the general spherical triangle. The funda- 
mental equations with three-place natural functions may 
be used when roughly approximate results are sought, 
and the object is merely to determine the shape of the 
required triangle. The simplicity and directness of this 
method make it a good safeguard against error in the use 
of more complicated methods. For logarithmic compu- 
tation in cases where two sides and one angle or two 
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angles and one side are given, the method by the Gaus- 
sian equations are preferable. Some points of detail in 
the application of logarithmic solutions are illustrated by 
the following examples. 

337. Given two sides and the included angle. 

Ezaznples. 

1. Given a = 292° 34', 6 = 131° 18', and (7=297° 40'. 
By the Gaussian equations. Arts. 287, 288, 



J (a +6) = 211° 66' : 


log 


; sin 


9.72340n 


(1) 






cos 


9.92874W 


(a) 


i(a-b)= 80° 38' 




sin 


9.99417 


(») 






cos 


9.21153 


(4) 


i C =148° 50' 




sin 


9.71393 


(») 






cos 


9.93230» 


(•) 


log sin ^ {A+B)+ log cos 


i 


e= 


9.14383n 


(T)= (4)+ (6) 


log sin i (A—B) + log sin 


i 


e= 


9.92647n 


(8)= (8)+ (a) 


log cos i (A + B) + log cos 


i 


e= 


9.64267» 


(9)= (2)+ (6) 


log cos i (A—B) + log sin 


i 


c= 


9.43733« 


(10)= (1)+ (B) 


i(A+B) = 197°S5'33" 


tan 


9.50116 


(11)= (7)- (9) 


or 377° 35' 33" 








i(A-B)= 72° 2' 


8" 


tan 10.48914 


(12)= (8)-(10) 


log cos i (A + B) 






9.97920np (is) 


log cos i (A—B) 






9.48915 


(14) 








9.66347pn («)= (9)-(i«) 








9.94818W 


(18)=(10)-(14) 


ic=117°26'10" 




tan 10.28471wp (it)=(i6)-(16) 


or 62° 33' 50" 










^,=269° 37' 41" 






Ai= 89°; 


37' 41" 


Bi = 125° 33' 25" 






£,=305°. 


33' 25" 


c, =234° 52' 20" 






cj =125° 


7' 40" 



The value oi i (A+ B\ which must be greater than 
that of J (^ — B), is taken in the third and then in the 
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fifth quadrant. The value of -4,, found by adding the 
value of i (^ — -B) to the second value of i {A + B)y is 
449^ 35' 33" ; but this may be diminished by 360°. The 
first triangle is of Form 5, the modulus being positive ; 
the second is of Form 4, the modulus being negative. 



2. Given, 


Results, 






a =123° 15' 


Ai= 54° 10' 18" 


A, 


= 234° 10' 18" 


b = 106° 45' 


B^= 68° 55' 22" 


B, 


= 248° 55' 22" 


0=255° 30' 


€i =266° 58' 48" 


c, 


= 93° 1'12" 




Form 3. 




Form 2. 


3. Given, 


Results, 






a =212° 33' 


^1=218° 10' 3" 


A, 


= 38° 10' 3" 


b = 121° 51' 


Bi = 102° 40' 29" 


B, 


= 282° 40' 29" 


C=127°28' 


Ci = 43° 42' 44" 


cj 


= 316° 17' 16" 




Form 3. 




Form 6. 


4. Given, 


Results, 






a = 302° 50' 


Ai = 212° 30' 45" 


A, 


= 32° 30' 45" 


b =258° 28' 


^1=218° 48' 39" 


B, 


= 38° 48' 39" 


0=163° 42' 


c, =153° 58' 30" 


C2 


= 206° I'SO" 




Form 5. 




Form 8. 


5. Given, 


Results, 






a =332° 18' 


^1=333° 23' 6" 


A, 


= 153° 23' 6" 


b = 246° 8' 


^1=241° 48' 14" 


B, 


= 61° 48' 14" 


0= 289° 44' 


ci =257° 36' 4" 


C2 : 


= 102° 23' 56" 




Form 7. 




Form 6. 



338. Oiven two angles avd the included side. 

Bzamples. 

1. Given, ^ = 117° 20', B = 101" 40', and c = 247° 28'. 
By the Gaussian equations. Arts. 296, 297. 
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^(^+J?) = 109°30'logsin 

cos 
|(^-.j5)= 7^50' sin 

cos 
I c = 123° 44' sin 

cos 
log cos i (a — b) + log Gosi G = 
log sin i (a— J) + log cos | (7 = 
log cos I (a + ^>) + log sin I- (7 = 
log sin ^ (a + &) + log sin | (7 = 
^(a-^) = 167°46'58" tan 
^(a + &) = 257M9'10" tan 
or 437° 19' 10" 
log cos i (a—b) 
log cos i (a + b) 



^ 0=122'' 2^' 9" 
or 57° 36' 51" 
«!= 65° 6' 8" 
&i= 89° 32' 12" 
Oi = 244° 46' 18" 
Form 3. 



tan 



9.97435 (1) 

9.52350/1 (2) 

9.13447 (3) 

9.99593 (4) 

9.91993 (5) 

9.7445571 (6) 

9.71890n (7) 

9.05440 (8): 

9.26805 (9): 

9.91586 (10): 

9.33550?i (11) 

10.64781 (12): 

9.9900571 (IS) 

9.34147nj3 (14) 

9.72885 (15)= 

9.92658ni? (16)= 

10.1977371P (17)= 



: (1)+ (6) 
(3)+ (5) 

(2)f (6) 

(4)+ (5) 

■ (8)- (7) 
(10)- (9) 



: (7)-(13) 
: (9)-(14) 

:(16)-(15) 



^2 



2 Given, 

^ = 295° 41' 
J? =102° 29' 
c = 128° 38' 

3. Given, 

^ = 214° 24' 
j5 = 137°18' 
c = 256° 12' 



Eesults, 

ai=293°ll' 11" 

^^1= 95° 11' 53" 

Ci= 49° 58' 55" 

Form 3. 

Eesults, 

ai=320°12' 11" 

^1= 129° 47' 53" 

Ci=239° 0' 16" 

Form 5. 



245^ 6' 8" 
269^ 32' 12" 
115° 13' 42" 
Form 8. 



a2=113°ll' 11" 

^2= 275° 11' 53" 

(72=310° 1' 5" 
Form 4. 



02 =140° 12' 11" 

^2 =309° 47' 53" 

(72=120° 59' 44" 
Form 6. 
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4. Given, 








^=309° 19' 


01=229° 49' 4" 


02 = 


49° 49' 4" 


^=264° 47' 


^1 = 259° 33' 18" 


b,= 


79° 33' 18" 


c = 63° 38' 


Ci= 69° 27' 47" 


c,= 


290° 32' 13" 




Form 5. 




Form 2. 


5. Given, 








^ = 251° 8' 


01=218° 33' 17" 


02 = 


38° 33' 17" 


j5 = 232°22' 


^ =211° 26' 25" 


h = 


31° 26' 25" 


c =322° 52' 


Oa = 293°34'35" 


c,= 


66° 25' 25" 




Form 7. 




Form 4. 



339. Given two sides and the angle opposite one of 
tJiem, 

Examples. 

1. Given, o = 127° 25', 6 =109^ 27', and ^=234° 28'. 
By the Gaussian equations. Arts. 305, 306. 



a =127° 26' 
b =109° 27' 
A =234° 28' 
J?i=265° 2' 45" 
J?2=284°67'15" 
i(^+J?i)= 244° 45' 22 '.5 

i(^-Bi)=-(10°17' 22".5) 
Ha+&) = 118° 26' 
^ (a-b) = 8° 59' 

log cos i Cj— log cos i Ci- 
log COS i Oj— log sin i Cj; 
log sin i Cj —log cos i c^ : 
log sin i Ci —log sin ^ Cj 
i Ci =38° 40' 39".5 

|Ci=135°38'2".3 



log esc 0.10005 
sin 9.97448 
sin 9.91051n 
sin 9.98504n 

sin 9.95641n 
cos 9.62989n 
sin 9.25193n 
cos 9.99296 
sin 9.94217 
cos9.67773n 
sin 9.19353 
cos 9.99464 
9.96177W 
0.06840n 
9.95216 
0.04879 
tan 9.90337 
37 
tan 9.99039n 



(1) 
(2) 
(8) 
(4)=(l)+(2) + (8) 

(5) 
(6) 
(7) 
(8) 

(9) 
(10) 

(11) 

(12) 

(13)= (5) -(12) 
(14;= (7) -(11) 
(16)= (6) -(10) 
(16)= (8) - (9) 

(17) = (1S) -(14) 
= (15) -(16) 

(18) = (15) -(13) 
= (16) -,14) 
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log COS i Cj— log cos i Ca= 
log cos i C2— log sin i C2= 
log sin i Cj— log cos i C2= 
log sin i Cj— log sin i Cj= 
i Ca = 20° 2' 17" 



0.008S2n 
0.436d6n 
9.67420 
0.01224 
tan 9.66196 
tan 9.67688n 



(19)= (8)11— (12\ 
(20)= (6) -(11) 
(21)= (7) -(10) 
(22J= (6)11— (9) 
(28)=(19) -(20) 
(24)=(21) -(19) 



c, =77«> 21' 19" c, = 40° 4' 34 



// 



Ci=271°16' 5" C2=318°43'38" 

When, as in this example, sin £ is negative so that 
^l+if3 = 540^ wehave 

sin i (A+Bi)^ -cos i {A—B^) 
cos i (^+^2)= sin i {A-Bi) 
sin i (^-^2)= cos i {A +B^) 
cos i (^-^2)=- sin i (^+Bi) 

SO that (5) and (8), when used in the second part of the 
computation, must add or drop the n. But when ^i +-B2 
= 180°, it is (6) and (7) that are changed in that way. 
(See Art. 306.) 



2. Given, 

a =105° 23' 
5=33r 21' 
A= 18*^66' 

3. Given, 

a =102° 35' 
b =222° 51' 
^ = 316° 24' 

4. Given, 

a =326° 47' 
ft =106° 9' 
^=339° 18' 



Results, 

J?i=189°16'38" 

Ci =227° 5' 26" 

Ci:=345°44'35" 

Form 5. 

Besults, 

Bi= 28° 43' 16" 
ci =318° 10' 19" 
Ci=151°53' 9" 
Form 6. 

Besults, 

J?i= 38° 18' 3' 

Ci = 80° 0' 14" 

Ci = 140° 32' 45" 

Form 3. 



5, =350° 43' 22" 
c^ = 78° 14' 43" 
0, =160° 46' 50" 
Fonn3. 



J?2 = 151° 16' 44" 
Cg =109° 36' 40" 
(78=318° 16' 16" 
Form 4. 



^,=141° 41' 57" 
c, = 134° 23' 50" 
©2= 27°2ril" 
Form 3. 
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5. Given, 

a =208° 15' 
ft =110° & 
^=167^20' 

6. Given, 

a = 285° 30' 
b =215° 30' 
A = 235° 30' 

7. Given, 

a = 219° 10' 
b =299° 20' 
^ = 135° 19' 



Besults, 

^1=205° 47' 22" 

ci = 43° 37' 21" 

Gx = 198°38'23" 

Form 4. 

Results, 

^1 = 209° 46' 38" 
ci =230° 16' 56" 
(7, = 221° 8' 3" 
Form 7. 

Eesults, 

B^= 76° 4' 40" 

ci =242° 46' 8" 

Ci= 98° 7' 14" 

Form 8. 



J5,= 334°12'38" 

ci = 95° 15' 27" 

Ci =332° 31' 36" 

Form 4. 



A= 330° 13' 22" 

cj = 85° 43' 12" 

Ci= 58° 31' 16" 

Form 5. 



Bi = 103° 5& 20" 

ci =220° 35' 20" 

Ci = 133° 34' 48 

Form 8. 



/f 



340. ©it;e7i two angles, and the side opposite one of 

them. 

Bxamples. 

1. Given A = 75° 13', B = 209° 23', and a = 162° 36'. 
By the Gaussian equations, Arts. 314, 315. 



A = 76° 13' 


log CSC 0.01462 


(1) 


B =200° 23' 


sin 9.69077n 


W 


a =162° 36' 


sin 9.47573 


(«) 


&i =188° 43' 42" 


sin 9.1811271 


(4)=(l)+(4)+(3) 


62 =351° 16' 18" 






i(^+5)=142° 18' 


sin 9.78642 


(B) 




cos 9.89830n 


(«) 


i(^-B)=-(670 5') 


sin 9.26429n 


(7) 




cos 9.59039 


(8) 


|(a+6i)=176° 39' 51" 


sin 8.87854 


W 




cos 9.99876n 


(10) 


|(a-6i)=-(13°3'51") 


sin 9.35419n 


(11) 




cos 9.98861 


(la) 
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log cos i Oi —log cos i Ci = 9.79781 (IS) = (5)— (12) 

log cos i (7i— log sin i Ci= 0.61010 (14)= (7)— (11) 

log sin i Ci —log cos i c^ = 9.89964 (16) = (6)— (lO) 

log sin i Ci— log sin i Ci= 0.71185 (16)= (8)— (9) 

i Ci=8° 45' 31" tan 9.18771 (17)= (18) -(14) 

09 =(15)-(16) 

iOi=5P89' 0" tan 10.10173 (18)= (15)- (is) 

76 =(16)— (14) 

log cos i Cj- log cos 1 C2= 0.90788n (19)= (5)- (9)n 

log cos i Ca-log sin 1 C2= 9.96553 (20)= (7)— (10) 

log sin i Cg— log cos i Ca= 0.54411 (21)= (6)— (11) 

log sin i (7, —log sin 1 Ca= 9.60178n (22)= (8)— (I2)n 

tan 0.94235n (2S)= (19)— (20) 
iCa=9e^30' 54" 33n =(21)-(22) 

tan 9.63623}i (24) =(21) -(19) 
i Ci =156° 35' 56".5 25n =(22)-(20) 

Ci = 17° 31' 2" Ca =193° 1' 48" 
C7i=103°18' 0" C7a=313° 11' 53" 

Form 3. Form 5. 

When, as in this example, sin b is negative, so that 
61+63 = 540^ we have 

sin i (a+62)— "COS i (a— 61) 
cos i (0+62)= sill i (<*""^i) 
sin i (0-62)= cos i (a+61) 
cos i (a— 62)= ~sin i (a+61) 

so that (9) and (12) when used in the second part of 
the computation must add or drop the n. But when 
61+62=180° it is (10) and (11) that are changed in 
that way. See Art 315. 

2. Given, Results, 

A= 77° 54' 61= 21° 24' 32" 62 = 158° 35' 28" 

2? =211° 48' c^= 42° 44' 16" Cg = 213° 20' 34" 

a =317° 22' Ci = 258°26'50" C7j= 52° 30^ 46" 

Form 4. Form 6. 
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3. Given, 


Results, 




A=216''l(y 


6i= 31° 1'18" 


^2= 148° 58' 42" 


B= 73° 16' 


ci =328° 36' 46" 


cj =200° 23' 19" 


a =341° 29* 


Ci=266° 31' 38" 


(73=319° 39' 23" 




Fonn 5. 


Form 5. 


4. Given, 


Results, 




^=123° 47' 


5i=235M3' 0" 


6,=304°17' 0" 


5= 71° 63' 


(Ji=338°48' 8" 


ca =237° 12' 24" 


a =226° 16' 


Ci= 24° 34' 40" 


Cs=104°46' 4" 




Form 8. 


Form 8. 


5. Given, 


Besults, 




<4=207° 66' 


fti=205°42'14" 


^2 =334° 17' 46" 


B= 69° 14' 


ci =332° 26' 54" 


cj=198°31'32" 


a =167° 27' 


Ci= 94° 18' 24" 


Ca= 43° 13' 56" 




Form 6. 


Form 6. 


6. Given, 


Besults, 




/1=217°28' 


^1=214° 7' 32" 


^2 =326° 52' 28" 


5=298° 30' 


ci=140°21'20" 


cs= 16° 54' 24" 


a =337° 9* 


Ci= 91° 53' 12" 


C7,= 27° 6' 3" 




Form 5. 


Form 5. 


7. Given, 


Results, 




^ = 213° 26' 


5i= 32° 39' 50" 


6, =147° 20' 10" 


5=291° 39' 


ci-144°44'59" 


c,= 21° 3' 16" 


a =161° 21' 


(7i=263° 40' 56" 


(7, =321° 46' 49" 




Form 2. 


Form 2, 


8. Given, 


Besults, 




A =236° 28' 


^=216° 5' 12" 


6, =323° 54' 48" 


5=210° 16' 


ci=229°31'20" 


c,= 94° 26' 19" 


a =286° 42' 


C7i=220°36'40" 


C,=121°26'29" 




Form 7. 


Form 6. 
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341. Given the three sides. 

Eixamples. 

1. Given a = 97°, b = 109°, and c = 226^ 
By the method of Art. 322. 



a= 97° 






b = 109° 






c = 226"" 






s = 216° 


log 


CSC 0.23078 7t 


S'-a= 119° 




sin 9.94182 


s-b= 107° 




sin 9.98060 


s-c = - 10° 




sin 9.23967 ?i 
19.39287 
9.69643^ j9 n 


iA= 29° 36' 42.' 


'4 


ta.n 9,75^6llpn 


iB= 27° 2r 55" 




tan 9,715SSi pu 


i C= 109° 16' 21" 


.3 


Un 10.45676^ n p 


^1= 59° 13' 25" 




^2=300° 46' 35" 


^1= 54° 55' 50" 




j52=305° 4' 10" 


Ci = 218°30'43" 




02=141° 29' 17" 


Form 3. 




Form 4. 



log sin a, ^>, c, 9.99675 9.97567 9.85693 n 

log sin A, B, C, 9.93408^ n 9.91300^ n 9.79427 np 
log modulus, 0.06267 p n 0.06267 p n 0.06266^ n 



2. Given, 


Eesults, 




a= 84° 


^^ = 109° 4' 48" 


^2=250° 55' 12" 


b = 240° 


^1 = 304° 37' 4" 


B^- 55''22'5&' 


c=230° 


Ci=313°17' 9" 


^2= 46° 42' 51" 




Form 5. 


Form 6. 



s. 
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3. Given, 

a =320° 
^=310° 
c = 300° 

4. Given, 

a=130° 
5 = 110° 

c = 298° 



Results, 

^1=312° 5' r 

^1=297° 48' 58" 

Ci = 270°53' 2" 

Form 7. 

Results, 

Ai= 54° 27' 54" 
^1= 86° 35' 19" 
Oi = 290°17'22" 
Form 3. 



^=47° 54' 53" 

^2=62° 11' 2" 

Ci=89° 6' 58" 

Form 8. 



^,=305° 32' 6" 

^2=273° 24' 41" 

02= 69° 42' 38" 

Form 4. 



342. Given the three angles. 

Examples. 

1. Given A = 104^ 5= 136°, and = 264°. 
By the method of Art. 327. 



A = 104° 




B= 136° 




C= 264° 




S = 252° 


log (—sec) 0.51002 


S-A= 148° 


cos 9.9284271 


8-3= 116° 


cos 9.64184/1 


/8-C=- 12° 


cos 9.99040 




20.07068 




10.03534 n^ 


ia= 38° r 2" 


cot 10.10692 j9 n 


15= 22° 0'15" 


cot 10.39350 jo 71 


ic =137° 57' 34" 


cot 10.04494 «i9 


ai= 76° 2' 4" 


a2=283°5r56" 


5i= 44° 0'30" 


^2 =315° 59' 30" 


c, = 275° 55' 8" 


Ca= 84° 4' 52" 


Form 3. 


Form 6. 
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2. Given, 


Eesults, 




^=120'' 


o, = 118°26'68" 


a2=241°34' 2" 


^=280° 


J, =269" 48' 61" 


6j= 90° 11' 9' 


0=290" 


ci =287° 24' 34" 


C2= 72° 35' 26' 




Form 6. 


Form 4. 


3. Given, 


Besults, 




^=260° 


ai=264° 24' 14" 


a,= 96°35'46" 


5=290° 


J, =275° 36' 46" 


J, =84° 24' 14" 


C=330° 


c,=328° 1'28" 


c, = 81°58'32" 




Form 7. 


Form 2. 



APPENDIX. 



A. 

Note to page 8. 

The arc-measure of an angle is the ratio to the radius 
of an arc drawn between the sides of the angle with the 
vertex for a centre. When, as is generally assumed, the 
length of the radius is a unit, the length of the arc itself 
is the arc-measure. The arc-measure of 360° is the ratio of 
the circumference to the radius, or 2 ir. The arc-measure 

of 180^ is IT ; of 90°, ^; of 45°, ^; of r, -I- ; of r, "^ - 



2' '4' M80' '10080' 

of 1"; 64^' ^^ * degrees, ^; and so on. 

The sine and the cosine of an angle are computed from 
the arc-measure, a, by means of the infinite series 

sin a=a— «- . »* u. . 



1X2X3 1x2x3x4x5 1x2x3x4x5x6x7 



1X2 1X2X3X4 1x2x3x4X5x6 

the proof of which may be found in books on the Differ- 
ential Calculus. 

The method of using these series is shown by the follow- 
ing examples. 

269 
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(i) To find the sine of 23°. 

Aro-measure 23° = ^ = 0.40143 

180 

a =0.40143 a= 0.40143 

a« = 0.06469 - ^' = - 0.01078 

1x2x3 Q39065 

a'*= 0.01042 +— — -^— — -= 0.00009 

1x2x3x4x5 513^574 

a"' = 0.00168 - ^ ^ ^ ^' = -0.00000 

1x2x3x4x6x6x7 39074 

The remaining terms are too small to affect the result in 
the first five decimal places. The result is correct to four 
places at least ; the fifth figure may be slightly erroneous. 
Be that as it may, it is certain that the correct three-place 
value for the sine of 23° is 0.391. 

(ii) To compute the sine of 85°. 

Arc-measure 85° = ^ = 1.48355 

180 

a =1.48366, a= 1.48365 

a8=3.26614, _-_^_=« 0.64419 

1X2X3 0.93936 

a5 =7.1862, + %—: — = + 0.06988 

■^1X2X3X4X5 -^55^ 

a7=i6.816, - ,— ^r-^r-v-r-s— ;;=- 000314: 

1X2X3X4X6X6X7 099610 

«' =^-^^^ + 1X2X3X4X6X6X7X8X9= + ^^^ 

a" =76.61, — — =— 0.000002 

1x2x3x4x6x6x7x8x9x10X11 996194 

sin 86°=0.996 
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(iii) To compute the cosine of 25®. 

Arc-measure 25° = 1^=0.43633 

180 



««= 0.19039, 



a' 



1x2 



a* =0.03625, 



»•= 0.00690, 



a« = 0.00131,+ 



a' 



1x2x3x4 



a^ 



1x2x3x4x5x6 



a^ 

1x2x3x4x5x6x7x8 



1.00000 

= - 0.09519 
0.90481 

= 4- 0.00151 
0.90632 

= - 0.00001 
0.90631 

= + 0.00000 
0.90631 



cos 25^ = 0.906 



In the same way may be computed all the values in the 
first and last columns of Table I (p. 9). 

For finding the successive powers of a, logarithms may 
be used to advantage. 



THB MABINBB'S COMPASS. 

* Tee mariner's compass consists of a magnetic needle 

carrying a circular card so suspended that the card keeps 

a horizontal position 

with the north pole 

of the needle always 

* directed towards the 
],, north point of the 

,, horizon. Thus the 

card represents the 

plane of the horizon, 

if.' * and the radial lines 

n marked upon it (see 

Figure) show the di- 

* rections of points 
arouud the horizon. 

" ^ *" The cardinal points, 

north (N.), south (S.), east (E.), and west (W.) divide the 
horizon into four quadrants of 90° each. 

Each quadrant is halved by the points northeast (N.E.), 
southeast (S. E.), southwest (8.W.), and northwest (N.W.). 

Each half-quadrant is halved by the points north-north- 
east (N. N. E.), east-northeast (E. N. E.), east-southeast, 
(E.S.E.), south-southeast (S.S.E.), south-southwest (S.S.W.), 
west-southwest (W. S.W. ), west-northwest (W. N.W.), and 
north-northwest (N. N. W.), 

Finally, the points north by east (N. byE.), northeast by 
north (N. E. by N.), northeast by east (N. E. by E.), east 
by north (E. by N.), and so on around the circle, divide each 
quarter of a quadrant into two equal parts. 

Thus there are thirty-two points of the compass. Nam- 
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ing these points in succession around the circle* is called 
boxing the compass. 

The word point is also used to denote the angle between 
two radial lines drawn to any two successive points of the 
compass. 

Thus the angle between the lines marked E. S.E. and 
S. E. by E. is an angle of one point, equal to one-eighth 
part of a right angle, or 11° 15'. Again the angle between 
the lines marked N. and N. E. by N. is an angle of three 
points, equal to 33^* 45'. 

For greater precision in recording courses and bearings, 
points are divided into halves and quarters. Thus a direc- 
tion half-way between W. N. W. and W. by N. is designated 
W. N. W. i W. ; a direction 6J points to the east of north 
is designated E. N. E. ^ E. The angle between these two 
directions is an angle of 12f points, or 143° 2& 15". 

* Thus: north, north by east, north-northeast, northeast by 
north, northeast, northeast by east, and so on; or north, north 
by west, north northwest and so on. 
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c. 



Note to Article 208, page 156, 

The following is a more direct way of deriving the for- 
mulas [138] and [139] than that given in the text: 

By [63] and (64], 

sin (-5—^) = sin B cos -4— cos B sin A 
cos (i?— -4) = cos B cos -4 + sin ^ sin A 

But 

Sin -4 = cos Bz=i- 

h 

cos^ = sin j5 = - 

h 

Therefore, by substitution, 

cos (5-^)=-+-=— 



ANSWERS. 



Article 24. Page 15. 

Ex,l, sin =0.600 cos = 0.800 2, sin =0.923 cos = 0.385 

tan = 0.750 cot = 1.333 tan = 2.400 cot = 0.417 

sec = 1.250 CSC = 1.667 sec = 2.600 esc = 1.083 

By 4y 5. See Table I, page 9. 

6, cos A = i^ 5 = 0.745 7. sin ^ = ^^ ^ = 0.775 

tan ^ = 1^5 = 0.894 tan u4 = ^ | = 1.225 

cot ^ = iv^5 = 1.118 cot ^ = ^1 = 0.816 

sec ^ = ^^5 = 1.342 sec ^ = y/ § = 1.581 

csc^ = | =1.500 CSC J = ^J = 1.291 

8. cot^ = i =0.333 9. tan^ = | = 1.333 

sec ^ = ^ 10 = 3.162 sec ^ = f = 1.667 

cos ^ = T^^ V^ 10 = 0.316 CSC ^ = I = 1.250 

sin A = ^js^lO = 0.949 sin ^ = f = 0.800 

CSC ^ = i v^ 10 = 1.054 cos ^ = J = 0.600 

m cos^ = i =0.333 11, sinJ^i =0.500 

sin ^ = 1^2 = 0.943 cosA = l^S = 0M6 

CSC ^ = 1^2 = 1.061 tan^ = i^3 = 0.577 

tan ^ = 2^2 = 2.828 cot ^= ^3 = 1.732 

cot ^ = i^2 = 0.354 sec ^ = f ^3 = 1.155 



12, 13. See Table I, page 9. 
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Article 24. Page 16, 

16. 0.115 26. 1.924 36. 20^20' 

17. 0.958 27. 1.017 37. 30^56' 
m 0.944 28. 8° 21' 55. 39° 13' 
i^. 0.673 29. 55° 36' 59. 35° 18' 
m 0.199 50. 18° 36' 40. 26° 33' 
^i. 2.396 31. 84° 17' 4i. 33° 34' 
^^. 2.301 32. 41° 51' 42. 18° 27' 

23. 0.770 55. 36° 51' 45. 15° 29' 

24. 1.029 54. 17° 28' 44. 60° 

25. 2.534 55. 61° 55' 45. 41° 50' 

Article 37. Page 21. 

JKr. i. The other angle = 42° 24' ; the sides, 11.81 and 10.78. 
2. The other angle = 79° 46' ; the sides 1 ft. 2.24 in., 
6 ft. 6.72 in. 

5. The other angle = 67° 5'; the base = 82.81 ft.; and 
the hypothenuse = 89.88 ft. 

4. The other angle = 23° 18' ; the perpendicular = 11 ft. 
9.9 in.; and the hypothenuse = 29 ft. 11.4 in. 

5. The other angle = 54° 45' ; the base = 30.05 ft. ; and 
the hypothenuse = 52.06 ft. 

6. The other angle = 50° 15' ; the perpendicular = 2.879 
metres ; and the hypothenuse = 4.498 metres. 

7. Angles 29° 0' and 61° 0' ; the other side = 15.49 ft. 

8. Angles 45° 45' and 44° 15'; the other side = 4.67 
inches. 

9. Angles 22° 39' and 67° 21'; the hypothenuse = 221 
feet. 

10. Angles 50° 17' and 39° 43'; the hypothenuse = 
0.5667. 

11. 32.9 feet; 20° 4'. 

12. 3° 25'. 

13. 20.22 feet ; 8° 32'. 



APPENDIX. 277 

Article 37. Page 22. 

14. 2° 63'. 

15. 14 feet. 

16. With the longer side of the floor, 46° 28' ; with the 
shorter side, 64° 15' ; with the diagonal of the floor, 24° 8'. 

17. 89.16 rods north ; 80.28 rods east. 

18. 133.8 rods north ; 148.6 rods west. 

19. North 42° east ; 63.84 miles. 

Page 23. 

20. 60.76 rods east ; walked 96.62 rods. 

21. Sailed 40.9 miles ; headland 22.7 miles distant. 

22. 99.1 miles apart ; south 60° 31' west. 

23. North 50° 32' east ; 18.73 rods distant. 

24. 69.08 rods. 

25. 47.26 miles per hour. 

Page 24a 

26. 138.4 feet. 

27. 1415 feet. 

28. 234.2 feet. 

29. 1645 feet. By 6-place table, 1636.2 feet. 
See remarks on the next answer. 

30. By the three-place table 4372 feet. But the error 
in this result is considerable, because the variations of the 
cotangents of small angles are out of proportion to the 
variations of the angles themselves, making the method 
of simple interpolation inexact. The natural cotangent of 
3° 20' is 17.169 (see Log. Trig. Tab., p. 142), but simple 
interpolation in Table I (p. 9), gives 17.49. The answer 
by the five-place table is 4292.3 feet. 

31. 329 feet. 

32. 6.93 miles an hour. 

Page 25. 

33. 301 feet. 

34. Street 126.6 feet wide. First window 16.95, second 
34.94 feet above street. 

35. 74.8 feet. 
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Article 37. Page 

36. 22.3 minutes, 401 miles off. 

37. 29° 44'. 

38. Latitude 33° 42'. 
.39. 39.21 feet. 

40. 38° C, 71° C, and 7r (K. 

41. 40° 6', 69° 57', and 69° 67'. 

^^. Height 407 feet ; each side 421 feet. 

43. Base 29.6 feet; height 32.8 feet. 

Fage 27. 

44. 33° 67'. 

45. Diameter 8.72 inches ; slant height 20.46 inches. 

46. Each face inclined 72° 39'; each edg^, 66° 9'; each 
edge makes an angle of 33° 10' with that in the same face 
with it, and an angle of 47° 42' with that not in the same 
face. 

47. The smaller acute angle is 30° [22° 30', 18°, 15°, 
12°, 9°]. 

48. 7.06 [4.60, 3.71, 3.11, 2.60,' 1.87] inches. 

49. 16.00 [11.63, 6.62, 6.20, 4.29, 2.53] inches. 
BO. 8.68 inches. 

61. 3.08 feet. 

Page 28. 

55. As the cosine of 18° is to 1, or as 961 is to 1000. 
For four sides, as 707 to 1000; five, as 809 to 1000; six, as 
866 to 1000 ; eight, as 924 to 1000 ; twelve, as 966 to 1000 ; 
twenty, as 988 to 1000. 

Article 54. Page 34. 

Ex. 1. Sides, 12501 feet and 938.5 feet. 

2. Perpendicular, 1738.3 feet; hypothenuse, 33666 
feet. 

3. Angle, 1° 6' 43" ; hypothenuse, 12625.3 feet. 

4. Inclination, 22'*47".5. 

5. Angles, 4° 48' 37" and 85° 11' 23". 
a. Chord, 467.4 feet. 
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Article 54. Page 34. 

7. Height 877.5 feet ; elevation at two miles 4° 45' 1". 

8. Distance, 874.44 metres ; chord, 118.02 metres. 

9. Base, 106.06 feet. 

10, Side, 140.57 metres. 

11, Chord, 69.16 miles; between chord and surface, 
0.15088 of a mile, or 796.6 feet. 

12, Side, 302.7 metres ; distance from centre to vertex, 
348.8 metres. 

Article 63. Page 38. 

Ex, 1, Third angle, 69° ; the other sides, 81.12 and 67.64 
rods. 

2, Third angle, 30° 58'; the other sides, 62.23 and 
40.08 feet. 

3. Third angle, 55° 2'; the other sides, 31.29 and 26.40 
rods. 

4. Third angle, 53° 50'; the other sides 14.39 and 

13.12 feet. 

5. Sides, 23.62 and 21.29 feet. 

6, Sides, 7.178 and 6.902 inches. 

7. 13.87 miles. 

8, From one end 151.17 feet ; from the other 128.81 
feet. 

9, 211.0 rods. 

Article 69. Page 41. 

i. Angles, 64° 35' and 51° 8'; third side, 28.93 feet. 

2, Angles, 26° 33' and 29° 45' ; third side, 68.80 rods. 

8. Angles, 44° 0' and 63° 20' ; third side, 48.08. 

4. Angles, 30° 20' and 31° 15' ; third side, 189.9. 

5. Angles, 50° 2' and 105° 40' ; third side, 39.50. 

6. Angles, 5° 27' and 16° 17' ; third side, 83.85. 

7. Angles, 48° 32' and 61° 49'; third side, 29.04. 

8. Angles, 36° ^& and 44° 16' ; third side, 9.203. 

9. Angles, 9° T and 10° 53' ; third side, 270.7. 
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Article 69. Page 41. 

10. Angles, 48° 46' and 75° 19' ; third side, 10.79. 

11. Angles, 68° 44' and 78° 40'; third side, 10.99. 

12. Angles, 11° 19' and 11° 26' ; third side, 197.1. 

13. 17.79 miles. 

Pase 42 

14. 133.0 rods. 

15. 109.5 rods. 

16. 38.37 miles. 

17. 14.90 miles. 

18. 18.30 inches. 

19. A C = 161.2 rods, A C B = 44° 23'. 
B D = 153.6 rods, D B C = 49° 61'. 
AD = 82.4 rods. 

20. 48.66 rods. 

21. Sides, 165.9, 194.3, 135.0; angles 57° 10', 79° 45', 
43° 5'. 

Article 77. Page 52. 

i. Third side, 22.10 or 5.29 feet. 
Adjacent angle, 62° 8' or 117° 52'. 
Opposite angle, 68° 35' or 12° 51'. 

2. Third side, 38.26 or 22.00 feet. 
Adjacent angle, 77° 18' or 102° 42'. 
Opposite angle, 52° 32' or 27° 8'. 

3. Third side, 101.36 or 26.72 rods. 
Adjacent angle, 55° 8' or 124° 52'. 
Opposite angle, ^b"" 0' or 15° 16'. 

4. Third side, 24.04 or 6.63 inches. 
Adjacent angle, 69° 37' or 110° 23'. 
Opposite angle, 53° 34' or 12° 48'. 

5. Third side, 34.95 or 7.05. 
Adjacent angle, 80° 17' or 99° 43'. 
Opposite angle, 24° 11' or 4° 45'. 

6. Impossible; sin^>l. 
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Article 77. Page 52. 

7. Third side, 47.64. 
Adjacent angle, 55° 0'. 
Opposite angle, 52"" 42' 

8. Impossible. 

9. Third side, 91.43. 
Adjacent angle, 66** 4'. 
Opposite angle, 55° 36'. 

10. Third side, 7.07. 
Adjacent angle, 78**. 
Opposite angle, 24**. 

11. Third side, 32.51 feet; adjacent angle, 90°; opposite 

angle, 52° 29'. 

Page 53. 

12. Third side, 9.61 feet ; adjacent angle, 47° 35' ; oppo- 
site angle, 7° 48'. 

13. Third side, 22.82 feet; adjacent angle, 30° 48'; 
opposite angle, 6° 36'. , 

14. Inadmissible. 

15. Impossible. 

16. Third side, 9.537 or 1.516 metres; adjacent angle, 
41° 5' or 138° 55' ; opposite angle, 106° 37' or 8° 47'. 

17. Third side, 113 yards; adjacent angle, 3° 50'; oppo- 
site angle, 3° 55'. 

18. Third side, 105.64 or 92.56 yards ; adjacent angle, 
64° 8' or 115° 52' ; opposite angle, 108° 7' or 56° 23'. 

19. Third side, 78.33 feet, adjacent angle, 29° 30'; oppo- 
site angle, 50° 30'. 

20. Distances 5.86 and 21.32 inches. 

Article 80. Page 55. 

1. 54° 30', 58° 32', and 66"" 58'. 

2. 44° 25', 57° 8', aad 78° 27'. 

3. 14° 15', 18° 24', 147° 21'. 

4. 43° 0', 56° 34', 80° 26'. 
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Article 80. Page 55. 

5. 43° C, 56° 34; 80° 26'. 

6. 43° C, 56° 34; 80° 26'. 

7. 42° 45', 53° 13', 84° 2'. 
5. 103° 31'. 

Article 86. Page 58. 

i. Third angle, 53° 54' 56"; sides 4889.1 and 4534.1 
feet. 

2, Third angle, 31° 58' 40" ; sides, 1052.88 and 693.37 
metres. 

3, Third side, 57.693 or 3.651 feet; adjacent angle, 
57° 10' 35" or 122° 49' 25"; opposite angle, 69° 2' 5" or 
3° 23' 15". 

4, Third side, 52.372 feet; angles, 54° 34' 49" and 
63° 14' 46". 

5, 328.04 and 378.20 feet. 

Page 59. 

6, Third side, 148.321; angle adjacent, 64° 47' 30"; 
angle opposite, 26° 52' m', 

7, Angles, 50° 28' 4", 57° 54' 27", and 71° 37' 29". 

8, Third side, 462.35 metres ; angles, 45° 18' 26" and 
45° 26' 59". 

9, Third side, 460.53 yards ; angle adjacent, 2° 12' 13" 
(found from its tangent) ; angle opposite, 2° 19' 7". 

10. Angles, 48° 5' 26", 61° 57' 57", 69° 56' 37". 

11. Third side, 1862.13 feet ; angles, 2° 44' 52" and 
5° 50" 52". 

12. Angles, 28° 25' 0", 28° 46' 20", and 122° 48' 40". 

13. Third side, 992.14 or 1.00 feet; angle adjacent, 
2° 23' 32".5 (found from its tangent) or 177° 36' 27".5; 
angle opposite 175° 13' 12".5 or 0° 0' 17".5. 

14. Angles, 59° 54' 3", 60° 0' 0", and 60° 5' 57". 

15. Third side, 800.74 ; angles, 41° 49' 33" and 41° 52' 2". 

16. Third side to first as 1.68123 to 1; to second as 
1.68123 to 0.993465; angles 32° 22' 50" and 32° 37' 10". 
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Article 86. , Page 59. 

With seven-place tables the first term of each ratio is 
found to be 1.681275. 

17. Angles, 65° 35' 22" Perpendiculars, 2982.7 

68° 52' 51" 28743 

65° 31' 47" 2703.6 

18, Angle between the two roads, 60® 22'. 

Article 87. Page GO. 

i. 9.2448 inches. 

2, 15.6252 inches. 

3. 32.516 feet. 

4, Height, 840.1 feet ; distance, 1374.5. 

5. Sides, 16.280 and 29.308 inches ; angles, 47° 52' 51" 
and 132° T 9 ". 

e. 19.009 feet. 

Page 61. 

7. Lengths, 42.720, 43.081, and 44.287. 
Angles, 35° 16' 33", 37° 21' 6", and 43° 6' 39". 

8. CD = 3.7671 miles. 

9. EF = 4.7358 miles. 

Page 62. 

10. Sailed 17.97 miles on a course N. 13° 58' E. 

11. 1026.52 feet apart. A distant 1157.47 feet, and B 
931.84 feet from monument. 

12. Sides, 1841.79, 1834.42, and 1200.53 feet. 
Angles 71° 16' 17", 70° 36' 28", and 38° 7' 16". 
Tower distant from A, 795.48 feet ; from B, 1105.225 

feet; from C, 971.18 feet. 

13. 10.807 chains. 

Page 63. 

14. Angles of triangle 79° 43' 14", 42° 4' 38", and 
58° 12' 8". 

BD = 361.0, DC = 274.99. 

0A = 1225.8, OB = 883.10, 00 = 954.37. 
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Article 13a 








Page 


1. +0.612 


7. 


-1.025 


13. 


-1.62'i 


2. -0.668 


«. 


-1.061 


14. 


+0.864 


3. -0.806 


9. 


+ 1.276 


15. 


-0.29? 


4. -0.408 


10. 


-0.221 


16. 


+ 1.76( 


6. +4.940 


11. 


-0.7715 


17. 


- 1.17f 


6. -2.028 


12. 


+0.262 


18. 


-1.81i 



19, 2r 32' and 158^ 28'. 25, 65° 30' and 294° 

20, 244° 34' and 296° 26'. 26. 113° 30' and 246 

21, 67° 44' and 237° 44'. 27. 72° 32' and 262° 

22, 160° 23' and 330° 23'. 28, 158° 12' and 338 

23, 32° 28' and 327° 32'. 29. 13° 28' and 166° 

24, 161° 30' and 208° 30'. 30. 207° 44' and 332 

31. 9.76636 37, 9.9646771 

32, 9.78371^ 38. 10.01233 

33. 9.88198/^ 39. 10.01170/^ 

34, 9.782527t 40, 9.90457/1 

35, 9.87249/1 41, 10.19396 

36. 9.82044 42. 9.67338/1 

43. 14° 41' 41" and 166° 18' 19". 

44. 238° 16' 23" and 301° 43' 37". 

45. 68° 14' 26" and 238° 14' 2W\ 

46. 144° 11' 24" and 324° 11' 24". 

47. 46° 18' 36" and 313° 41' 24". 

48. 136° 2' 60" and 223° 57' 10". 

49. b^"" 47' 11" and 236° 47' 11". 

50. 144° 48' 44" and 324° 48' 44". 
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